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Chapter One

Introduction

Conformal geometry is the study of spaces in which one knows how to mea-
sure infinitesimal angles but not lengths. A conformal structure on a man-
ifold is an equivalence class of Riemannian metrics, in which two metrics
are identified if one is a positive smooth multiple of the other. The study of
conformal geometry has a long and venerable history. From the beginning,
conformal geometry has played an important role in physical theories.

A striking historical difference between conformal geometry compared
with Riemannian geometry is the scarcity of local invariants in the confor-
mal case. Classically known conformally invariant tensors include the Weyl
conformal curvature tensor, which plays the role of the Riemann curvature
tensor, its three-dimensional analogue the Cotton tensor, and the Bach ten-
sor in dimension four. Further examples are not so easy to come by. By
comparison, in the Riemannian case invariant tensors abound. They can be
easily constructed by covariant differentiation of the curvature tensor and
tensorial operations. The situation is similar for other types of invariant ob-
jects, for example for differential operators. Historically, there are scattered
examples of conformally invariant operators such as the conformally invari-
ant Laplacian and certain Dirac operators, whereas it is easy to write down
Riemannian invariant differential operators, of arbitrary orders and between
a wide variety of bundles.

In Riemannian geometry, not only is it easy to write down invariants, it
can be shown using Weyl’s classical invariant theory for the orthogonal group
that all invariants arise by the covariant differentiation and tensorial opera-
tions mentioned above. In the case of scalar invariants, this characterization
as “Weyl invariants” has had important application in the study of heat
asymptotics: one can immediately write down the form of coefficients in the
expansion of heat kernels up to the determination of numerical coefficients.

In [FG], we outlined a construction of a nondegenerate Lorentz metric in
n + 2 dimensions associated to an n-dimensional conformal manifold, which
we called the ambient metric. This association enables one to construct con-
formal invariants in n dimensions from pseudo-Riemannian invariants in n+2
dimensions, and in particular shows that conformal invariants are plentiful.
The construction of conformal invariants is easiest and most effective for
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scalar invariants: every scalar invariant of metrics in n 4+ 2 dimensions im-
mediately determines a scalar conformal invariant in n dimensions (which
may vanish, however). For other types of invariants, for example for differ-
ential operators, some effort is required to derive a conformal invariant from
a pseudo-Riemannian invariant in two higher dimensions, but in many cases
this can be carried out and has led to important new examples.

The ambient metric is homogeneous with respect to a family of dilations
on the n + 2-dimensional space. It is possible to mod out by these dilations
and thereby obtain a metric in n + 1 dimensions, also associated to the
given conformal manifold in n dimensions. This gives the “Poincaré” metric
associated to the conformal manifold. The Poincaré metric is complete and
the conformal manifold forms its boundary at infinity.

The construction of the ambient and Poincaré metrics associated to a
general conformal manifold is motivated by the conformal geometry of the
flat model, the sphere S™, which is naturally described in terms of n + 2-
dimensional Minkowski space. Let

n+1
Qz) =Y (2%)° — (2°)
a=1
be the standard Lorentz signature quadratic form on R**2? and
N ={z eR"™\ {0} : Q(z) =0}

its null cone. The sphere S™ can be identified with the space of lines in N,
with projection 7 : N — S™. Let

n+1

g= Z (dz®)? — (dmO)Q

a=1
be the associated Minkowski metric on R"*2. The conformal structure on
S™ arises by restriction of g to /. More specifically, for z € A/ the restriction
gl is a degenerate quadratic form because it annihilates the radial vector
field X = Y770 2!, € T,N. So §lr,a determines an inner product on
T.N/span X = Ty (,)S™. As x varies over a line in NV, the resulting inner
products on Ty (;)S™ vary only by scale and are the possible values at m(x)
for a metric in the conformal class on S™. The Lorentz group O(n + 1,1)
acts linearly on R™*2 by isometries of § preserving A/. The induced action
on lines in NV therefore preserves the conformal class of metrics and realizes
the group of conformal motions of S™.

If instead of restricting ¢ to N, we restrict it to the hyperboloid

H={reR"?: Q(z) = -1},
then we obtain the Poincaré metric associated to S™. Namely, g4 := §|ry is

the hyperbolic metric of constant sectional curvature —1. Under an appro-
priate identification of one sheet of H with the unit ball in R®*!, g, can be
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realized as the Poincaré metric
n+1
g =4 (1= [21%) 77> (da*)?,
a=1
and has the conformal structure on S™ as conformal infinity. The action of
O(n + 1,1) on R™2 preserves H. The induced action on H is clearly by
isometries of g4 and realizes the isometry group of hyperbolic space.

The ambient and Poincaré metrics associated to a general conformal man-
ifold are defined as solutions to certain systems of partial differential equa-
tions with initial data determined by the conformal structure. Consider the
ambient metric. A conformal class of metrics on a manifold M determines
and is determined by its metric bundle G, an R -bundle over M. This is
the subbundle of symmetric 2-tensors whose sections are the metrics in the
conformal class. In the case M = S™, G can be identified with N (modulo
+1). Regard G as a hypersurface in G x R: G = G x {0} C G x R. The
conditions defining the ambient metric g are that it be a Lorentz metric
defined in a neighborhood of G in G x R which is homogeneous with respect
to the natural dilations on this space, that it satisfy an initial condition on
the initial hypersurface G determined by the conformal structure, and that
it be Ricci-flat. The Ricci-flat condition is the system of equations intended
to propagate the initial data off of the initial surface.

This initial value problem is singular because the pullback of g to the
initial surface is degenerate. However, for the applications to the construction
of conformal invariants, it is sufficient to have formal power series solutions
along the initial surface rather than actual solutions in a neighborhood. So we
concern ourselves with the formal theory and do not discuss the interesting
but more difficult problem of solving the equations exactly.

It turns out that the behavior of solutions of this system depends decisively
on the parity of the dimension. When the dimension n of the conformal
manifold is odd, there exists a formal power series solution g which is Ricci-
flat to infinite order, and it is unique up to diffeomorphism and up to terms
vanishing to infinite order. When n > 4 is even, there is a solution which
is Ricci-flat to order n/2 — 1, uniquely determined up to diffeomorphism
and up to terms vanishing to higher order. But at this order, the existence
of smooth solutions is obstructed by a conformally invariant natural trace-
free symmetric 2-tensor, the ambient obstruction tensor. When n = 4, the
obstruction tensor is the same as the classical Bach tensor. When n = 2,
there is no obstruction, but uniqueness fails.

It may seem contradictory that for n odd, the solution of a second order
initial value problem can be formally determined to infinite order by only
one piece of Cauchy data: the initial condition determined by the conformal
structure. In fact, there are indeed further formal solutions. These corre-
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spond to the freedom of a second piece of initial data at order n/2. When
n is odd, n/2 is half-integral, and this freedom is removed by restricting
to formal power series solutions. It is crucially important for the applica-
tions to conformal invariants that we are able to uniquely specify an infinite
order solution in an invariant way. On the other hand, the additional for-
mal solutions with nontrivial asymptotics at order n/2 are also important;
they necessarily arise in the global formulation of the existence problem as
a boundary value problem at infinity for the Poincaré metric. When n is
even, the obstruction to the existence of formal power series solutions can
be incorporated into log terms in the expansion, in which case there is again
a formally undetermined term at order n/2.

The formal theory described above was outlined in [FG], but the details
were not given. The first main goal of this monograph is to provide these
details. We give the full infinite-order formal theory, including the freedom
at order n/2 in all dimensions and the precise description of the log terms
when n > 4 is even. This formal theory for the ambient metric forms the
content of Chapters 2 and 3. The description of the solutions with freedom at
order n/2 and log terms extends and sharpens results of Kichenassamy [K].
Convergence of the formal series determined by singular nonlinear initial
value problems of this type has been considered by several authors; these
results imply that the formal series converge if the data are real-analytic.

In Chapter 4, we define Poincaré metrics: they are formal solutions to the
equation Ric(g+) = —ngy, and we show how Poincaré metrics are equivalent
to ambient metrics satisfying an extra condition which we call straight. Then
we use this equivalence to derive the full formal theory for Poincaré metrics
from that for ambient metrics. We discuss the “projectively compact” for-
mulation of Poincaré metrics, modeled on the Klein model of hyperbolic
space, as well as the usual conformally compact picture. As an application
of the formal theory for Poincaré metrics, in Chapter 5 we present a formal
power series proof of a result of LeBrun [LeB] asserting the existence and
uniqueness of a real-analytic self-dual Einstein metric in dimension 4 defined
near the boundary with prescribed real-analytic conformal infinity.

In Chapter 7, we analyze the ambient and Poincaré metrics for locally con-
formally flat manifolds and for conformal classes containing an Einstein met-
ric. The obstruction tensor vanishes for even dimensional conformal struc-
tures of these types. We show that for these special conformal classes, there
is a way to uniquely specify the formally undetermined term at order n/2 in
an invariant way and thereby obtain a unique ambient metric up to terms
vanishing to infinite order and up to diffeomorphism, just like in odd dimen-
sions. We derive a formula of Skenderis and Solodukhin [SS] for the ambient
or Poincaré metric in the locally conformally flat case which is in normal
form relative to an arbitrary metric in the conformal class, and prove a re-
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lated unique continuation result for hyperbolic metrics in terms of data at
conformal infinity. The case n = 2 is special for all of these considerations.
We also derive the form of the GJMS operators for an Einstein metric.

In [FG], we conjectured that when n is odd, all scalar conformal invariants
arise as Weyl invariants constructed from the ambient metric. The second
main goal of this monograph is to prove this together with an analogous
result when n is even. These results are contained in Theorems 9.2, 9.3, and
9.4. When n is even, we restrict to invariants whose weight w satisfies —w <
n because of the finite order indeterminacy of the ambient metric: Weyl
invariants of higher negative weight may involve derivatives of the ambient
metric which are not determined. A particularly interesting phenomenon
occurs in dimensions n = 0 mod 4. For all n even, it is the case that all
even (i.e., unchanged under orientation reversal) scalar conformal invariants
with —w < n arise as Weyl invariants of the ambient metric. If n = 2 mod 4,
this is also true for odd (i.e., changing sign under orientation reversal) scalar
conformal invariants with —w < n (in fact, these all vanish). But if n = 0
mod 4, there are odd invariants of weight —n which are exceptional in the
sense that they do not arise as Weyl invariants of the ambient metric. The set
of such exceptional invariants of weight —n consists precisely of the nonzero
elements of the vector space spanned by the Pontrjagin invariants whose
integrals give the Pontrjagin numbers of a compact oriented n-dimensional
manifold (Theorem 9.3).

The parabolic invariant theory needed to prove these results was devel-
oped in [BEGr], including the observation of the existence of exceptional
invariants. But substantial work is required to reduce the theorems in Chap-
ter 9 to the results of [BEGr]. To understand this, we briefly review how
Weyl’s characterization of scalar Riemannian invariants is proved.

Recall that Weyl’s theorem for even invariants states that every even scalar
Riemannian invariant is a linear combination of complete contractions of
the form contr (V'R ® --- ® V'L R) , where the r; are nonnegative integers,
V7" R denotes the r-th covariant derivative of the curvature tensor, and contr
denotes a metric contraction with respect to some pairing of all the indices.
There are two main steps in the proof of Weyl’s theorem. The first is to
show that any scalar Riemannian invariant can be written as a polynomial
in the components of the covariant derivatives of the curvature tensor which
is invariant under the orthogonal group O(n). Since a Riemannian invari-
ant by definition is a polynomial in the Taylor coefficients of the metric in
local coordinates whose value is independent of the choice of coordinates,
one must pass from Taylor coeflicients of the metric to covariant derivatives
of curvature. This passage is carried out using geodesic normal coordinates.
We refer to the result stating that the map from Taylor coefficients of the
metric in geodesic normal coordinates to covariant derivatives of curvature
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is an O(n)-equivariant isomorphism as the jet isomorphism theorem for Rie-
mannian geometry. Once the jet isomorphism theorem has been established,
one is left with the algebraic problem of identifying the O(n)-invariant poly-
nomials in the covariant derivatives of curvature. This is solved by Weyl’s
classical invariant theory for the orthogonal group.

In the conformal case, the role of the covariant derivatives of the curvature
tensor is played by the covariant derivatives of the curvature tensor of the
ambient metric. These tensors are of course defined on the ambient space.
But when evaluated on the initial surface, their components relative to a
suitable frame determined by a choice of metric in the conformal class define
tensors on the base conformal manifold, which we call conformal curvature
tensors. For example, the conformal curvature tensors defined by the cur-
vature tensor of the ambient metric itself (i.e., with no ambient covariant
derivatives) are the classical Weyl, Cotton, and Bach tensors (except that
in dimension 4, the Bach tensor does not arise as a conformal curvature
tensor because of the indeterminacy of the ambient metric). The covariant
derivatives of curvature of the ambient metric satisfy identities and rela-
tions beyond those satisfied for general metrics owing to its homogeneity
and Ricci-flatness. We derive these identities in Chapter 6. We also derive
the transformation laws for the conformal curvature tensors under conformal
change. Of all the conformal curvature tensors, only the Weyl tensor (and
Cotton tensor in dimension 3) are conformally invariant. The transformation
law of any other conformal curvature tensor involves only first derivatives of
the conformal factor and “earlier” conformal curvature tensors. These trans-
formation laws may also be interpreted in terms of tractors. When n is even,
the definitions of the conformal curvature tensors and the identities which
they satisfy are restricted by the finite order indeterminacy of the ambient
metric. The ambient obstruction tensor is not a conformal curvature tensor;
it lies at the boundary of the range for which they are defined. But it may
be regarded as the residue of an analytic continuation in the dimension of
conformal curvature tensors in higher dimensions (Proposition 6.7).

Having understood the properties of the conformal curvature tensors, the
next step in the reduction of the theorems in Chapter 9 to the results of
[BEGr] is to formulate and prove a jet isomorphism theorem for conformal
geometry, in order to know that a scalar conformal invariant can be written
in terms of conformal curvature tensors. The Taylor expansion of the metric
on the base manifold in geodesic normal coordinates can be further simplified
since one now has the freedom to change the metric by a conformal factor
as well as by a diffeomorphism. This leads to a “conformal normal form” in
which part of the base curvature is normalized away to all orders. Then the
conformal jet isomorphism theorem states that the map from the Taylor co-
efficients of a metric in conformal normal form to the space of all conformal
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curvature tensors, realized as covariant derivatives of ambient curvature, is
an isomorphism. Again, the spaces must be truncated at finite order in even
dimensions. The proof of the conformal jet isomorphism theorem is much
more involved than in the Riemannian case; it is necessary to relate the nor-
malization conditions in the conformal normal form to the precise identities
and relations satisfied by the ambient covariant derivatives of curvature. We
carry this out in Chapter 8 by making a direct algebraic study of these rela-
tions and of the map from jets of normalized metrics to conformal curvature
tensors. A more conceptual proof of the conformal jet isomorphism theorem
due to the second author and K. Hirachi uses an ambient lift of the conformal
deformation complex and is outlined in [Gr3].

The orthogonal group plays a central role in Riemannian geometry because
it is the isotropy group of a point in the group of isometries of the flat model
R™. The analogous group for conformal geometry is the isotropy subgroup
P C O(n+1,1) of the conformal group fixing a point in S™, i.e., a null line.
Because of its algebraic structure, P is referred to as a parabolic subgroup
of O(n + 1,1). Just as geodesic normal coordinates are determined up to
the action of O(n) in the Riemannian case, the equivalent conformal normal
forms for a metric at a given point are determined up to an action of P. Since
P is a matrix group in n 4 2 dimensions, there is a natural tensorial action
of P on the space of covariant derivatives of ambient curvature, and the
conformal transformation law for conformal curvature tensors established in
Chapter 6 implies that the map from jets of metrics in conformal normal
form to conformal curvature tensors is P-equivariant.

The jet isomorphism theorem reduces the study of conformal invariants to
the purely algebraic matter of understanding the P-invariants of the space of
covariant derivatives of ambient curvature. This space is nonlinear since the
Ricci identity for commuting covariant derivatives is nonlinear in curvature
and its derivatives. The results of [BEGr] identify the P-invariants of the
linearization of this space. So the last steps, carried out in Chapter 9, are
to formulate the results about scalar invariants, to use the jet isomorphism
theorem to reduce these results to algebraic statements in invariant theory
for P, and finally to reduce the invariant theory for the actual nonlinear
space to that for its linearization. The treatment in Chapters 8 and 9 is
inspired by, and to some degree follows, the treatment in [F] in the case of
CR geometry.

Our work raises the obvious question of extending the theory to higher
orders in even dimensions. This has recently been carried out by the second
author and K. Hirachi. An extension to all orders of the ambient metric
construction, jet isomorphism theorem, and invariant theory has been an-
nounced in [GrH2|, [Gr3] inspired by the work of Hirachi [Hi] in the CR
case. The log terms in the expansion of an ambient metric are modified by
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taking the log of a defining function homogeneous of degree 2 rather than
homogeneous of degree 0. This makes it possible to define the smooth part
of an ambient metric with log terms in an invariant way. The smooth part
is smooth and homogeneous but no longer Ricci flat to infinite order. There
is a family of such smooth parts corresponding to different choices of the
ambiguity at order n/2. They can be used to formulate a jet isomorphism
theorem and to construct invariants, and the main conclusion is that up to a
linear combination of finitely many exceptional odd invariants in dimensions
n =0 mod 4 which can be explicitly identified, all scalar conformal invari-
ants arise from the ambient metric. An alternate development of a conformal
invariant theory based on tractor calculus is given in general dimensions in
[Gol].

A sizeable literature concerning the ambient and Poincaré metrics has
arisen since the publication of [FG]. The subject has been greatly stimulated
by its relevance in the study of the AdS/CFT correspondence in physics. We
have tried to indicate some of the most relevant references of which we are
aware without attempting to be exhaustive. Juhl’s recent book [J] has some
overlap with our material and much more in the direction of Q-curvature
and holography.

A construction equivalent to the ambient metric was derived by Haan-
tjes and Schouten in [HS]. They obtained a version of the expansion for
straight ambient metrics, to infinite order in odd dimensions and up to the
obstruction in even dimensions. In particular, they showed that there is an
obstruction in even dimensions n > 4 and calculated that it is the Bach
tensor in dimension 4. They observed that the obstruction vanishes for con-
formally Einstein metrics and in this case derived the conformally invariant
normalization uniquely specifying an infinite order ambient metric in even
dimensions. They also obtained the infinite-order expansion in the case of
dimension 2, including the precise description of the non-uniqueness of so-
lutions. Haantjes and Schouten did not consider applications to conformal
invariants and, unfortunately, it seems that their work was largely forgotten.

We are grateful to the National Science Foundation for support. In par-
ticular, the second author was partially supported by NSF grants # DMS
0505701 and 0906035 during the preparation of this manuscript.

Throughout, by smooth we will mean infinitely differentiable. Manifolds
are assumed to be smooth and second countable; hence paracompact. Our
setting is primarily algebraic, so we work with metrics of general signature.
In tensorial expressions, we denote by parentheses (ijk) symmetrization and
by brackets [ijk] skew-symmetrization over the enclosed indices.



Chapter Two

Ambient Metrics

Let M be a smooth manifold of dimension n > 2 equipped with a conformal
class [g]. Here, g is a smooth pseudo-Riemannian metric of signature (p, q)
on M and [g] consists of all metrics

g=¢e"yg
on M, where Y is any smooth real-valued function on M.

The space G consists of all pairs (h, z), where € M, and h is a symmetric
bilinear form on T, M satisfying h = s2g, for some s € R. Here and below,
gz denotes the symmetric bilinear form on 7, M induced by the metric g.
We write 7 : G — M for the projection map (h, z) — z. Also, for s € R, we
define the “dilation” d, : G — G by setting d(h,z) = (s?h, x). The space G,
equipped with the projection 7 and the dilations (Js)ser. , is an Ry -bundle.
We call it the metric bundle for (M, [g]). We denote by T' = %5S|S:1 the
vector field on G which is the infinitesimal generator of the dilations J,.

There is a tautological symmetric 2-tensor g, on G, defined as follows. Let
z = (h,x) € G, and let m, : TG — TM be the differential of the map .
Then, for tangent vectors X,Y € T.G, we define go(X,Y) = h(m. X, m.Y).
The 2-tensor g is homogeneous of degree 2 with respect to the dilations ;.
That is, 0*gy = s?gp. One checks easily that the R -bundle G, the maps
ds and 7, and the tautological 2-tensor gy on G, all depend only on the
conformal class [g], and are independent of the choice of the representative
g. However, once we fix a representative g, we obtain a trivialization of the
bundle G. In fact, we identify

(t,x) € Ry x M with (t*g,,z) €G.

In terms of this identification, the dilations d,, the projection m, the vector
field T', and the tautological 2-tensor gy are given by

ds : (t,x) — (st,x), 7w (tx) T = to, go = 271" yg.

The metric g can be regarded as a section of the bundle G. The image of this
section is the submanifold of G given by ¢ = 1. The choice of g also determines
a horizontal subspace H, C T.G for each z € G, namely H, = ker(dt),. In
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terms of another representative § = e?Y g of the same conformal class, we
obtain another trivialization of G, by identifying

(t,z) e Ry x M with (£*G,,2) €G.

The two trivializations are then related by the formula

t=e T@¢ for (t,2) € Ry x M. (2.1)
If (x!,---,2™) are local coordinates on an open set U in M, and if g is
given in these coordinates as g = g;;(z)dz'dz?, then (t,a',---  2™) are local

coordinates on 71 (U), and gy is given by
go = t%g;;(v)dx'da’.

The horizontal subspace H, is the span of {91, , 0z }.

Consider now the space G x R. We write points of G x R as (z, p), with
z € G, p € R. The dilations §, extend to G X R acting in the first factor alone,
and we denote these dilations also by ds. The infinitesimal dilation T also
extends to G xR. We embed G into GxR by ¢ : z — (z,0) for z € G. Note that
¢ commutes with dilations. If g is a representative for the conformal structure
with associated fiber coordinate t, and if (x!,---,2™) are local coordinates
on M as above, then (¢,z',--- 2" p) are local coordinates on G x R. We
use 0 to label the t-component, co to label the p-component, lowercase Latin
letters for M, and capital Latin letters for G x R. Even without a choice of
coordinates on M, we can use 0, i, 0o as labels for the components relative to
the identification G xR ~ R x M xR induced by the choice of representative
metric g. Such an interpretation is coordinate-free and global on M.

Definition 2.1. A pre-ambient space for (M, [g]), where [g] is a conformal
class of signature (p,q) on M, is a pair (G, g), where

(1) G is a dilation-invariant open neighborhood of G x {0} in G x R;
(2) §is a smooth metric of signature (p+ 1,¢ + 1) on G;

(3) § is homogeneous of degree 2 on G (i.e., 67§ = 527, for s € Ry);
(4) The pullback +*g is the tautological tensor gg on G.

If (5 ,g) is a pre-ambient space, the metric g is called a pre-ambient metric.
If the dimension n of M is odd or n = 2, then a pre-ambient space (G,g) is
called an ambient space for (M, [g]) provided we have

(5) Ric(g) vanishes to infinite order at every point of G x {0}.

We prepare to define ambient spaces in the even-dimensional case. Let Sy
be a smooth symmetric 2-tensor field on an open neighborhood of G x {0}
in G x R. For an integer m > 0, we write S;; = OF;(p™) if
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(i) Sy =0(p™); and

(ii) For each point z € G, the symmetric 2-tensor (.*(p~™S5))(z) is of the
form 7*s for some symmetric 2-tensor s at © = w(z) € M satisfying
try, s = 0. The symmetric 2-tensor s is allowed to depend on z, not
just on x.

In terms of components relative to a choice of representative metric g, Sy; =
O, (p™) if and only if all components satisfy S;; = O(p™) and if in addition
one has that Soo, So; and g% S;; are O(p™*1). The condition S;; = OF;(p™)
is easily seen to be preserved by diffeomorphisms ¢ on a neighborhood of
G x {0} in G x R satisfying ¢|g o} = identity.

Now suppose (5, g) is a pre-ambient space for (M, [g]), with n = dim M
even and n > 4. We say that (g’?, g) is an ambient space for (M, [g]), provided
we have

(5') Ric(g) = OF;(p"/>71).

If (QN, g) is an ambient space, the metric g is called an ambient metric.
Next, we define a notion of ambient equivalence for pre-ambient spaces.

Definition 2.2. Let (G1,§1) and (G2, J2) be two pre-ambient spaces for
(M, [g]). We say that (Gi,g1) and (Ga,32) are ambient-equivalent if there
exist open sets Uy C 51, U, C 52 and a diffeomorphism ¢ : U; — Us, with
the following properties:

(1) Uy and Us both contain G x {0};
(2)
(3)
(4)

Uy and Usy are dilation-invariant and ¢ commutes with dilations;
3) The restriction of ¢ to G x {0} is the identity map;

4) If n = dim M is odd, then g; — ¢*go vanishes to infinite order at every

point of G x {0}.
(4') If n = dim M is even, then g1 — ¢*ga = O, (p™/?).

It is easily seen that ambient-equivalence is an equivalence relation.
One of the main results of this monograph is the following.

Theorem 2.3. Let (M,[g]) be a smooth manifold of dimension n > 2,
equipped with a conformal class. Then there exists an ambient space for
(M, [g]). Also, any two ambient spaces for (M, [g]) are ambient-equivalent.

It is clear when n is odd that a pre-ambient space is an ambient space pro-
vided it is ambient-equivalent to an ambient space. The kinds of arguments



12 CHAPTER 2

we use in Chapter 3 can be used to show that this is also true if n is even and
n > 4. Thus for n > 2, an ambient space for (M, [g]) is determined precisely
up to ambient-equivalence. This is clearly not true when n = 2: changing
the metric at high finite order generally affects the infinite-order vanishing
of the Ricci curvature. The uniqueness of ambient metrics when n = 2 will
be clarified in Theorem 3.7.

Our proof of Theorem 2.3 will establish an additional important property
of ambient metrics. In Chapter 3 we will prove the following two propositions.

Proposition 2.4. Let (QN, g) be a pre-ambient space for (M,[g]). There is a
dilation-invariant open set U C G containing G X {0} such that the following
three conditions are equivalent.

(1) VT =1Id onU.
(2) 2T 1 = d(||T||?) on U.

(3) For each p € U, the parametrized dilation orbit s — dsp is a geodesic
forg.

In (1), V denotes the covariant derivative with respect to the Levi-Clivita

connection of g. So VT is a (1,1)-tensor on U, and the requirement is that
it be the identity endomorphism at each point. In (2), ||T||* = g(T,T).

Definition 2.5. A pre-ambient space (G,§) for (M, [g]) will be said to be

straight if the equivalent properties of Proposition 2.4 hold with & = G. In
this case, the pre-ambient metric g is also said to be straight.

Note that if (G,§) is a straight pre-ambient space for (M, [g]) and ¢ is a
diffeomorphism of a dilation-invariant open neighborhood U of G x {0} into
G which commutes with dilations and satisfies that Blgx oy is the identity
map, then the pre-ambient space (U, ¢*g) is also straight.

Proposition 2.6. Let (M,[g]) be a smooth manifold of dimension n > 2
equipped with a conformal class. Then there exists a straight ambient space
for (M, [g]). Moreover, if g is any ambient metric for (M,[g]), there is a
straight ambient metric §' such that if n is odd, then § — g wvanishes to
infinite order at G x {0}, while if n is even, then g — g’ = O}, (p"/?).

Because of Proposition 2.6, one can usually restrict attention to straight am-
bient spaces. Observe that the second statement of Proposition 2.6 follows
from the first statement, the uniqueness up to ambient-equivalence in The-
orem 2.3, and the diffeomorphism-invariance of the straightness condition.
In this chapter, we will begin the proof of Theorem 2.3 by using a dif-
feomorphism to bring a pre-ambient metric into a normal form relative to a
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choice of representative of the conformal class. Chapter 3 will analyze met-
rics in that normal form and complete the proof of Theorem 2.3. We start
by formulating the normal form condition.

Definition 2.7. A pre-ambient space (G, §) for (M, [g]) is said to be in nor-
mal form relative to a representative metric g if the following three conditions
hold:

(1) For each fixed z € G, the set of all p € R such that (z,p) € G is an
open interval I, containing O.

(2) For each z € G, the parametrized curve I, > p — (2, p) is a geodesic
for the metric g.

3) Let us write (t,z,p) for a point of Ry x M x R ~ G x R under the
p +
identification induced by g, as discussed above. Then, at each point
(t,2,0) € G x {0}, the metric tensor g takes the form

g= go+2tdtdp. (2.2)
The main result proved in this chapter is the following.

Proposition 2.8. Let (M, [g]) be a smooth manifold equipped with a confor-
mal class, let g be a representative of the conformal class, and let (é@ be
a pre-ambient space for (M, [g]). Then there exists a dilation-invariant open
setU C G xR containing G x {0} on which there is a unique diffeomorphism
¢ from U into §, such that ¢ commutes with dilations, ¢|gx{0} 18 the identity
map, and such that the pre-ambient space (U, $*g) is in normal form relative
to g.

Thus, once we have picked a representative g of the conformal class [g], we
can uniquely place any given pre-ambient metric into normal form by a dif-
feomorphism ¢. In Proposition 2.8, note that (U, ¢*g) is ambient-equivalent
to (G,9).

In Chapter 3, we will establish the following result.

Theorem 2.9. Let M be a smooth manifold of dimension n > 2 and g a
smooth metric on M.

(A) There exists an ambient space (G,§) for (M,[g]) which is in normal
form relative to g.

(B) Suppose that (G, d1) and (G, §2) are two ambient spaces for (M, [g]),
both of which are in normal form relative to g. If n is odd, then g1 — g
vanishes to infinite order at every point of G x {0}. If n is even, then

g1— G2 = Of,(p"/?).
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Proof of Theorem 2.3 using Proposition 2.8 and Theorem 2.9. Given (M, [g]),
we pick a representative g and invoke Theorem 2.9(A). Thus, there exists
an ambient space for (M, [g]). For the uniqueness, let (Gy,31) and (Ga, g2)
be ambient spaces for (M, [g]). Again, we pick a representative g. Applying
Proposition 2.8, we find that ((jl,ﬁl) is ambient-equivalent to an ambient
space in normal form relative to g. Similarly, (52, g2) is ambient-equivalent
to an ambient space also in normal form relative to g. Theorem 2.9(B) shows
that these two ambient spaces in normal form are ambient-equivalent. Con-
sequently, (G1,¢1) is ambient-equivalent to (Ga, ga). O

The rest of this chapter is devoted to the proof of Proposition 2.8. We
first formulate a notion which will play a key role in the proof. Let (M, [g])
be a conformal manifold, let (G,§) be a pre-ambient space for (M, [g]), and
let g be a metric in the conformal class. Recall that g determines the fiber
coordinate ¢ : G — Ry and the horizontal subbundle % = ker(dt) C TG.
For z € G, we may view H_ as a subspace of T, 0)(G x R) via the inclusion
t: G — GxR. For z € G, we say that a vector V € T(Z7O)(g x R) is a
g-transversal for g at (z,0) if it satisfies the following conditions:

g(v,T) = t?
gV, X)=0forall X € H, (2.3)
g(V.vV)=0.

In the first line, ¢ denotes the fiber coordinate for the point z. The motivation
for this definition is the observation that V' = 0, is a g-transversal for g if
g satisfies condition (3) of Definition 2.7. In general we have the following
elementary result.

Lemma 2.10. For each z € G, there exists one and only one g-transversal V,
forg at (z,0). Moreover, V, is transverse to G x {0}, V, depends smoothly on
z, and V, is dilation-invariant in the sense that (8s)« V. = Vi .y for s € Ry
and z € G.

Proof. Recall the identification G x R ~ R, x M X R determined by g. In
terms of the coordinates (¢,2%,p) induced by a choice of local coordinates
on M, we can express V = VY0, + V9, + V>°0,. We can also express g in
these coordinates. By condition (4) of Definition 2.1, at a point (¢,z,0), g
takes the form

g =t2g;j(z)dz"dx? + 2gooodtdp + 2G;00dr? dp + Goooo (dp)?

where Gooo, Jjoco a1l Joooo depend on (¢, z). Nondegeneracy of g implies that
Jooo # 0. The conditions (2.3) defining a g-transversal become

Josc V> =1, 29,V + Gjoc V> = 0,
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20000 VOV® + 129, VIV + 2Gi06 VIV 4 Goooo (V)? = 0.
It is clear that these equations can be successively solved uniquely for V'°°,

Vi, VO and the other conclusions of Lemma 2.10 follow easily from the
smoothness and homogeneity properties defining a pre-ambient space. [

Proof of Proposition 2.8. For z € G, let V, be the g-transversal for g at (z,0)

given by Lemma 2.10. Let A — ¢(z, \) € G bea (parametrized) geodesic for
g, with initial conditions

¢(Z70) = (Z’O) 6A¢(Z7)‘)|)\:0 =V.. (2'4)
Since g needn’t be geodesically complete, ¢(z, A) is defined only for (z,A) in
an open neighborhood Uy of G x {0} in G xR. Since g and V, are homogeneous
with respect to the dilations, we may take Uy to be dilation-invariant. Thus,
¢ : Uy — G is a smooth map, commuting with dilations, and satisfying (2.4).
Since V, is transverse to G x {0}, it follows that Uy = {(z,\) € Uy :
det ¢'(z, A) # 0} is a dilation-invariant open neighborhood of G x {0} in Up.
Thus, ¢ is a local diffeomorphism from U; into G , commuting with dilations.
Moreover, by definition of ¢, we have

Let z € G and let I be an interval containing 0. Assume that (z, \) € U
for all A € I. Then I 3 X\ — ¢(z, ) is a geodesic for g, with initial
conditions (2.4).

The map ¢ need not be globally one-to-one on ;. However, arguing as in the
proof of the Tubular Neighborhood Theorem (see, e.g., [L]), one concludes
that there exists a dilation-invariant open neighborhood Us of G x {0} in U,
such that ¢|y, is globally one-to-one. Thus, ¢ is a diffeomorphism from Us
to a dilation-invariant open subset of § containing G x {0}.

Next, we define U = {(z,\) € Uz : (z,1) € Uy for all p € R for which
|| < |A}. Thus, U is a dilation-invariant open neighborhood of G x {0} in
Us. Moreover, for each fixed z € G, {A € R: (2, \) € U} is an open interval
I, containing 0. It follows that for each fixed z € G, the parametrized curve
I, 5 A ¢(z, ) is a geodesic for the metric g.

Since (G,§) is a pre-ambient space for (M, [g]), so is (U, $*§). For each
fixed z € G, the parametrized curve I, 3 A — (z,) is a geodesic for ¢*g.
From the facts that V satisfies (2.3) and ¢ satisfies (2.4), it follows that
under the identification Ry x M xR ~ G x R induced by g, we have at A =0

(¢*9) (0, T) = 12,
(¢*9)(0x, X) =0 for X € TM,
(¢*9)(Ox, 0x) = 0.

Together with property (4) of Definition 2.1 of the pre-ambient space (QN 1 9)s
these equations show that ¢*g = go + 2t dt dA when A = 0. This establishes
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the existence part of Proposition 2.8. The uniqueness follows from the fact
that the above construction of ¢ is forced. If ¢ is any diffeomorphism with
the required properties, then at p = 0, ¢.(9,) is a g-transversal for g, so
must be V. Then for z € G, the curve I, 5 A — ¢(z, A\) must be the unique
geodesic satisfying the initial conditions (2.4). These requirements uniquely
determine ¢ on U. O



Chapter Three

Formal Theory

The first goal of this chapter is to prove Theorem 2.9 for n > 2. We begin
with the following lemma.

Lemma 3.1. Let (G,§) be a pre-ambient space for (M, [g]), where G has the
property that for each z € G, the set of all p € R such that (z,p) € G is an
open interval I, containing 0. Let g be a metric in the conformal class, with
associated identification Ry x M xR ~ G xR. Then (Q~, g) is in normal form
relative to g if and only if one has on G

Proof. Since a pre-ambient metric satisfies t*g = g, if g satisfies (3.1), then
it has the form (2.2) at p = 0. Thus we must show that for g satisfying (2.2)
at p = 0, the condition that the lines p > I ) — (¢, 7, p) are geodesics for g
is equivalent to (3.1). Now the p-lines are geodesics if and only if foooo 1=0,
where I';;x = grrl'%, and Tk, are the usual Christoffel symbols for g.
Taking I = oo gives 0,000 = 0, which combined with goooo|p=0 = 0 from
(2.2) yields Goooo = 0. Now taking I = ¢ and I = 0 and using (2.2) gives
gooi =0 and §000 =1. O

The case n = 2 is exceptional for Theorem 2.9. We give the proof for n > 2
now; a sharpened version for n = 2 will be given in Theorem 3.7.

Proof of Theorem 2.9 for n > 2. Given M and a metric g on M, we must
construct a smooth metric g on a suitable neighborhood G of R x M x {0}
with the following properties:

57 = s%g, s> 0;
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Also we must show that if n is odd, then such a metric is uniquely determined
to infinite order at p = 0, while if n is even, then it is determined modulo
075 (p""?).

Lemma 3.1 enables us to replace (3) above with (3.1). Thus the compo-
nents groo are determined. We consider the remaining components of g as
unknowns, subject to the homogeneity conditions determined by (1) above.
Then (2) can be interpreted as initial conditions and the equation Ric(g) = 0
as a system of partial differential equations to be solved formally.

Set goo = a, goi = tb; and g;; = t%g;;, where all of a, b;, g;; are functions
of (z,p). Condition (2) gives at p = 0: @ = 0, b; = 0 and g;; is the given
metric. In order to determine the first derivatives of a, b;, g;; at p = 0, we
calculate at p = 0 the components Rijy = Ricyy(g) for I,J # co. This is
straightforward but tedious. We have

0 0 t—!
g7 =10 7Y —t7 2! (3.2)
=1 720 72 (bbk —a)

and in particular at p = 0 we have

The Christoffel symbols are given by

_ 0 8ja 8pa
2150 = | Dia t(ajbi + ('“)ij — 292‘]‘) tapb,»
8pa tapbj 0
" 2bk — 8ka t(é)jbk — 8kbj + Qij) tﬁpbk
205 = t(@ibk — 8ka + 29%) 2t21“ijk t2apgik (33)
tapbk t28pgjk 0
_ 2— apa 7t8pbj 0
2FIJOO = —tapbi —tzapgij 0 y
0 0 0

where in the second equation the I';;; refers to the Christoffel symbol of the
metric g;; with p fixed. The Ricci curvature is given by
Ryy = %ﬁKL (8%1:%1{ +83K§1L - a%(LEIJ - O%JgKL)

e TR (3.4
+gitghe (FILPTJKQ - FIJPFKLQ) :
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Computing this using the above gives at p=10

Roo = th (2—0pa),
D 2
RiO = 27t (8,L-p(1, — napbl) s (35)
E [(6 a— ) p9ij — gklapgklgij + viapbj + Vjapbi - 8pb18pbj]

+ Ry,
where in the last equation R;; refers to the Ricci curvature of the initial
metric and V; denotes the covariant derivative with respect to its Levi-
Civita connection. Setting these to 0 successively shows that the vanishing
of these components of Ry at p = 0 is equivalent to the conditions
a:2p+0(p2)7 bi :O(pz)v

) (3.6)
9ij (%, p) = gij(w) + 2P;;(w)p + O(p~),

o Pj=(n-2)" (Rij - Q(nRil)gw) - (3.7)

Next we carry out an inductive perturbation calculation for higher orders.

Suppose for some m > 2 that g(m b

g?}ﬁb) = E%L Y 4 &;;, where

is a metric satisfying (3.1), (3.6). Set

oo tpo; O
q)]J = pm t(bio t2¢ij 0 (38)
0 0 0

and the ¢ are functions of (z, p). From (3.4) it follows that
RO = RV 4 LGKL (92, & e + 0% ®rp — 0%, 1y — 07, Prcr)
+gitghe (FILPFJKQ + FILPFJKQ FIJPFKLQ FIJ’PFKLQ>
+0(p™),
(3.9)
~(m)

where g42 and I‘ABC refer to the metric g;;’, and QF}I’JK = 0;®rx +
010k — Ok ®ry. These are given modulo O(p™) by

0 0 9,%0p
ot = 0 0 0,®i0
6;,@00 6,)@0]‘ 0
0 0 8pq)0k
o't = 0 0 0,Pi (3.10)

0p®or 0, P 0
—0,P00 —0,P0; 0
¢ = 0,200 —0,255 0
0 0 0
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On the right-hand side of (3.9), one can take for §AB and fABC the quantities
obtained by substituting (3.6) into (3.2), (3.3). Calculating, one finds

tQEégl) = tzﬁgon_l) +m(m—1-— %)mel%o +0(p™)
tRG; = tRG; ™ 4 m(m = 1= 5)p™ doi + 5" o0 + O(p™)
Rxn) Rz(;nfl) +mp™ [(m — D)oij — 39" brgi;
+ 3(Vjdoi + Vigo;) + Pij¢oo} +0(p™)
tRo = R o+ Jm(m = 1)p™ 200 + O(p" ")
R = BT+ Sm(m = 157260+ 0(0" )

R, = R — Im(m — 1)p™ 2gM g + O(p™ ).
(3.11)

We first consider only the components f{[ g with I, J # oco. Suppose induc-
tively that g0~ has been determined so that Ricy;(g™ V) = O(p™ 1)
for I,J # oo, and that g™~ is uniquely determined modulo O(p™) by
this condition and (3.1). Define g™ as above. If n is odd or if n is even and
m < n/2, then the coefficient m —1—n/2 appearing in the first two formulae
of (3.11) does not vanish, so one can uniquely choose ¢gg and ¢g; at p = 0 to
make Eéﬁo and E&") be O(p™). The map ¢;; — (m —n/2)¢;; — %gklgﬁklgij
is bijective on symmetric 2-tensors unless m = n/2 or m = n, so except for
these m one can similarly make Ef;n) = O(p™). Thus the induction proceeds
up to m < n/2 for n even and up to m < n for n odd. Consider the next
value of m in each case. For n even and m = n/2, one can uniquely deter-
mine ¢gp and ¢g; at p = 0 to make Roo, Roi = O(p™?) just as before. In
addition, one can choose g/ ¢;; to guarantee that ¢/ R;; = O(p"™/2). Thus for
n even, we deduce that gr; mod O}*'J(p”/ 2) is uniquely determined by the
condition Ry; = OF,(p™/*71) for I, J # oc. For n odd and m = n, one can
again uniquely determine ¢gp and ¢g; at p = 0 to make ]:’,00, Em = O(p™),
and now can uniquely determine the trace-free part of ¢;; to guarantee that
Ri; = Agi;p"~' mod O(p™) for some function A.

In order to analyze the remaining components E]OO and to complete the
analysis above in the case m = n when n is odd, we consider the con-
tracted Bianchi identity. The Ricci curvature of g satisfies the Bianchi iden-
tity gJKVIRJK = 2gJKVJRIK Writing this in terms of coordinate deriva-
tives gives

2050, R — 3750 R i — 25" X g7 9T ykpRor = 0. (3.12)

Suppose for some m > 2 that EU = O(p™1!) for I, J # oo and JN%IOO =
O(p™=2). Write out (3.12) for I = 0,4, 00, using (3.2), (3.3), (3.6) and the
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homogeneity of the components EI 7. Calculating mod O(p™ 1)

(n—2-— 2P6p)E0<x> + tapﬁoo =0(p™ ")
(n—2- 2p8p)§ioo — t0; Rooo + tapéio =0(p™ ")
(n—2-— pﬁp)éwm + gjkvj]??koo +tP* Rooo — %gjkapéjk =0(p™ ).
(3.13)

Suppose first that n is even. Let gry be the metric determined above mod
O7,(p™?) by the requirement R;; = O (p"/271) for I, J # oo. We show

by induction on m that EIOO = O(p™~1) for 1 < m < n/2. The statement is
53 —2

, one obtains

clearly true for m = 1. Suppose it holds for m — 1 and write Ry, = y7p™
The hypotheses for (3.13) are satisfied. The first equation of (3.13) gives
(n+ 2 — 2m)v = O(p), s0 Rose = O(p™1). The second equation of (3.13)
then gives (n+2—2m)vy; = O(p), 50 Rioe = O(p™1). The last equation then
gives (n — m)Yee = O(p), 50 Rogoe = O(p™ 1), completing the induction.
Hence, if n is even, we have uniquely determined g;; mod O;FJ(p”/ %) so
that Ric(g) = O;ﬁ,(p"/ 2=1)_ A finite order Taylor polynomial for § will be
nondegenerate on a neighborhood G of R, x M x {0} satisfying the required
properties. This concludes the proof of Theorem 2.9 for n even.
_If n_is odd, let gr; be the metric determined above by the requirements
Roo, Roi = O(p™) and Ry = /\Qm‘ﬂnil + O(p™). Then gr; is uniquely de-
termined up to O(p"*1) except that g;; has an additional indeterminacy of
the form cg;;p"™ for some function c. As for n even, consider the induction
based on (3.13). The constants n + 2 — 2m never vanish for n odd and m
integral, and one may proceed with the induction for all three equations
to conclude that R;s = O(p" 2). The hypotheses of (3.13) now hold with
m = n. The first two equations give EOOO, Rioo = O(p™~1). In the third
equation, the coefficient of v4,p" 2 is now 0, so the third equation reduces
to Ap" 2 = O(p"~'). We conclude that A = O(p), i.e., R;j = O(p"). How-
ever, there is still the indeterminacy of cg;;p™ in g;; and we do not yet know
that Reose = O(p"1). These can be dealt with simultaneously by observing
directly that one can uniquely choose ¢ at p = 0 to make Rogoo = O(p™1).
Namely, set g7, = gr; + ®rs, where ®;; is given by (3.8) with m = n and
Y00 = ¢0; = 0, ¢i; = cgi;. According to the last formula of (3.11), one
has Rl .. = Reooo — 3n%(n — 1)cp™ =2 + O(p"~1). Therefore, ¢ mod O(p)
is uniquely determined by the requirement Rcl)ooo = O(p"~1). Removing the
', we thus have gr; uniquely determined mod O(p"*!) by the conditions
Ry = O(p") for I, J # oo and Rjs = O(p™!). We can now proceed
inductively to all higher orders with no problems: (3.11) shows that the re-
quirement R;; = 0 to infinite order for I , J # 0o uniquely determines gy
to infinite order, and (3.13) shows that the so-determined gy also satisfies
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Eloo = 0 to infinite order.

Summarizing, the components gy, are given by (3.1). We have determined
all derivatives of the components gy; for I, J # oo at p = 0 uniquely
to ensure that all components of Ric(g) vanish to infinite order. By Borel’s
Theorem, we can find a homogeneous symmetric 2-tensor on a neighborhood
of p = 0 with the prescribed Taylor expansion. We can then choose a dilation-
invariant subneighborhood G satisfying condition (1) of Definition 2.7 on
which this tensor is nondegenerate with signature (p + 1,q + 1). |

Next we show that the metric gr; of Theorem 2.9 takes a special form.

Lemma 3.2. Let n > 2. If g has the form

2p 0 t
§IJ - 0 thij 0 s (314)
t 0 0

where g;; = gij(x, p) is a one-parameter family of metrics on M, then the
Ricci curvature of g satisfies Ry = 0.

Proof. For g of the form (3.14), the Christoffel symbols (3.3) become

~ 0o 0 1
F[J() =10 —tgij 0
1 0 0
_ 0 tgjk 0
Trge = | toie Tin  5t9 (3.15)
0 1tzgjk 0
- 0O 0 0
F[JOO = 0 t2g” 0
0 0 0

Here " denotes 0,. Lemma 3.2 is a straightforward computation from (3.4)
using (3.2) and (3.15). Alternate derivations are given in the comments after

Proposition 4.7 and in the proof of Proposition 6.1. O
For future reference we record the raised index version of (3.15):
0 0 0
FIJ =10 *%tgz/‘j 0
0 0 0
B 0 t*16 oo
FI;J = t_l(sik 2[7 %gklg;l (3'16)
0 3 Ly g;l 0
0 0 t1
N}xj =10 —gj+pg; O

t1 0 0
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Proposition 3.3. Letn > 2. The metric gry in Theorem 2.9 satisfies gog =
2p and Goi = 0, to infinite order for n odd, and modulo O(p™/?**1) for n
even.

Proof. Consider the inductive construction of the metric g in the proof of
Theorem 2.9. At each step of the induction, the perturbation terms ¢gg and
boi at p = 0 are determined from the first two equations of (3.11). If g(m—1)
is of the form (3.14), then by Lemma 3.2 we have R{1 ™", R{™™Y =0, so
we obtain ¢gg, ¢o; = O(p). It therefore follows by induction that gog = 2p
and go; = 0 to all orders for which these components are determined. O

The next result shows that the special form given by Proposition 3.3 can
be reinterpreted in terms of the conditions of Proposition 2.4.

Proposition 3.4. Suppose n > 2. Let the pre-ambient space (5, g) be in
normal form relative to a representative metric g. The following conditions
are equivalent:

(1) goo = 2p and go; = 0.

(2) For each p € G, the dilation orbit s — 8sp is a geodesic for §.
(3) 2T ag = d(||T?).

(4) The infinitesimal dilation field T satisfies VT = Id.

Proof. By Lemma 3.1, we have (3.1). The computations leading to (3.3) are
valid for all n > 2, so the Christoffel symbols are given by (3.3). Consider
a dilation orbit s — dgsp for p € 5, given in components by s — (st,z, p).
Its tangent vector is a constant multiple of J;. These orbits are therefore
geodesics for g if and only if T'go; = 0. From (3.3) and the initial normal-
ization (2.2), it is easily seen that the condition gy = 0 is equivalent to
Joo = 2p, go; = 0. Therefore (1) is equivalent to (2). If § is any pre-ambient
metric, then (3) states that 2tgro = 97(t2goo), while the condition Toor =0
can be written 20ygo; = 9rgoo. Both of these are automatic for I = 0 and
are easily seen to be equivalent for I = i, co upon using the homogeneity of
the components gor. Thus (2) and (3) are equivalent. As for (4), if VT = Id,
then V4T = T, which is a restatement of the geodesic condition. On the
other hand, if § has the form (3.14), then (3.16) gives V77 = §/;. O

Proof of Proposition 2.4. Choose a representative metric g and invoke Propo-
sition 2.8. If i/ and ¢ are as in Proposition 2.8, then the pre-ambient space
(U, ¢p*g) is in normal form relative to g. By Proposition 3.4, the conditions
(1)-(3) of Proposition 2.4 are equivalent for the metric ¢*g on U. But all of
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these conditions are invariant under ¢, so they are also equivalent for g on
oU). O

Proof of Proposition 2.6. As pointed out after the statement of Proposi-
tion 2.6, we only need to prove the existence of a straight ambient space
for (M, [g]). Choose a representative metric g. According to Proposition 3.3,
we may as well take the ambient metric given by Theorem 2.9 to be of the
form (3.14). Then Proposition 3.4 shows that upon choosing G suitably, the
ambient space (G, ) is straight. O

Let us return to consider the formal determination of g;;. According to
Proposition 3.3 and Lemma 3.2, § may be taken of the form (3.14), and for
any such g the equations Ror =0 already hold. Therefore g;; = t%g;;(x, p)
can be regarded as the only “unknown” component. One can calculate the
remaining components of Ry to obtain explicit equations for g;;(x, p). Again
calculating from (3.4), one finds

Ri; = pgii — pg" gindin + 309" gl — (% — )i, — 39" g1ugij + Rij
Rioe = 20" (Vigl) — Vigh)

Rocoo = —59" g1 + 19" 9" 91904

(3.17)

Here R;; and V denote the Ricci curvature and Levi-Civita connection of
gij(z, p) with p fixed. The Taylor expansion of g;;(x, p) can be determined by
successively differentiating and evaluating at p = 0 the equations obtained
by setting these expressions to 0. For example, simply evaluating the first
equation at p = 0 recovers the fact that g;;|,—o = 2P;;, which we obtained
n (3.6). According to the proof of Theorem 2.9, for n even the first equation
of (3.17) determines the derivatives 9;"g;; for m < n/2 and also g% 3;”/ Qgij,
and then the second and third equations automatically hold mod O(p™/?~1).
In practice, it is easier to calculate the traces g%/ 95 gij form < n/2 using the
last equation rather than the first. For n odd, the first equation determines
the derivatives 9;"g;; for m < n as well as the trace-free part of 9;g;;. The
trace part of the first equation at order n is automatically true. The value of
g% 05 9:j is determined by the third equation, and all higher derivatives are
then determined by the first equation.

If the initial metric is Einstein, one can identify explicitly the solution
g,J (z,p). Tt is straightforward to check that if the initial metric satisfies

Rij = 2X(n — 1)gi;, then g;;(x, p) = (1 4+ \p)?g;j(x) solves (3.17).

In general it is feasible to carry out the first few iterations by hand. One
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finds at p =0
%(n—él)g;; = _Bij +(n—4)Pikij, TL#4
$(n—4)(n —6)g)] = Bij.i* — 2Wiiju B — 4(n — 6)Py(; By — 4P* By
+4(n — 4)Ple(ij)k7l —2(n — 4)CkilOljk +(n— 4)Cikl0jkl
+2(n — 4) P, Clijy — 2(n — 4) Wi P*p, P™, n # 4,6,

(3.18)
where Wi, is the Weyl tensor,
Ciji = Pij,i —Pik,j
is the Cotton tensor, and
Bij = Ciji, " — P"'"Whii
is the Bach tensor. The traces are given by
g’ gi5 = 2P, PV (3.19)

(n—4)g"g}] = —8P,;BY, n # 4.
The first equation of (3.19) also holds for n = 4 and the second for n = 6.

The part of the derivatives depending linearly on curvature can be calcu-
lated for all orders. Differentiating the last equation of (3.17) shows that for
m > 2, the trace g 97" gij|,—o has vanishing linear part. An easy induction
using the derivative of Ricci curvature

R;j = %(g;k’] r + g;kvi i gz{jak i g;ckaij ) (320)
and the Bianchi identity Pj, k = p.*.; shows that at p=20
(4=n)(6—n) -+ (2m—n)dT gij = 2 (A" ' Py — A" 2P ;5 )+ lots (3.21)

for m > 2 (and m < n/2 for n even). Here lots denotes quadratic and higher
terms involving fewer derivatives of curvature and our sign convention is
A = ViV,

A further observation can be made concerning the derivatives of g;; at
p = 0: each of them can be expressed in terms only of Ricci curvature and
its covariant derivatives. Terms involving Weyl curvature and its derivatives
need not appear.

Proposition 3.5. Each derivative ag’lgiﬂp:o can be expressed as a linear
combination of contractions of Ricci curvature and covariant derivatives of
Ricci curvature for the initial metric g. This holds for all m for which these
expressions are determined: for m > 1 for n odd and for 1 <m < mn/2 forn

I
even, and also for g”a,?/ Gijlp=0 for n even.
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Proof. The proof is by induction on m. We already know that gl’-j lp=0 = 2P;;.
Consider the inductive determination of 9)"g;;|,—0 for m > 2 by taking the
equation obtained by setting the first expression of (3.17) equal to 0, ap-
plying 821*1, and setting p = 0. The first, fourth and fifth terms involve
8glgij| p=0- The second and third terms give rise to combinations of contrac-
tions of previously determined derivatives which are of the desired form by
the induction hypothesis. The fifth term also generates contractions of this
form in addition to the term involving 97" g;;. The result therefore follows if
821*1Rij| p=0 can be written only in terms of Ricci curvature and its covari-
ant derivatives of the original metric. The first derivative is given by (3.20).
In differentiating (3.20) again, the derivative can fall on ¢, on g~!, or on
the connection. Differentiating a Christoffel symbol shows that for a 1-form
n; which depends on p, one has (n;,;) = s, — F;’;nk, where F;’; is the
tensor I‘;’; = 1g"(g}; + 951»i — 9ij»1)- There is an analogous formula for
the covariant derivative of a tensor of higher rank. Iterating such formulae
together with the Leibnitz formula and the formula for ¢g%’, then setting
p = 0 and applying the induction hypothesis, it is clear that 8?_1Rij| =0
has the desired form.

If n is odd, the trace g9} gijl,—o is determined from the third line of
(3.17) rather than from the first. But it is clear that differentiating the third
line and using the induction hypothesis gives rise to an expression of the
desired form. O

We remark that it is a consequence of Proposition 3.5 that objects con-
structed solely out of the tensors a;,”gij| p—=0 also can be written in terms of
Ricci curvature and its covariant derivatives. Two examples are the “con-
formally invariant powers of the Laplacian” of [GJIMS] and Branson’s Q-
curvature ([Br]). It is easily seen from the construction in [GJMS] that the
coeflicients of the conformally invariant natural operators constructed there
can be written in terms of the 9;"g;; |p=0; hence by Proposition 3.5 in terms
of the Ricci curvature and its derivatives. For Q-curvature, the same GJMS
construction can be used to establish the result following Branson’s original
definition. Alternatively and more directly, this follows from the characteri-
zation of Q-curvature given in [FH].

The equations defining an ambient metric in normal form possess a sym-
metry under reflection in p. Let R : R x M xR — Ry x M x R be
R(t,x,p) = (t,x,—p). If g is an ambient metric for (M, [¢g]) in normal form
relative to a representative g, then R*g is also an ambient metric for (M, [g])
but is not in normal form because condition (3) of Definition 2.7 does not
hold. However, the following proposition is easily verified.

Proposition 3.6. If g is an ambient metric for (M,[g]) in normal form
relative to g, then —R*q is an ambient metric for (M,[—g]) in normal form
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relative to —g.

Recall that these ambient metrics are unique up to the order specified in
Theorem 2.9(B).

Next we prove a sharpened version of Theorem 2.9 for n = 2. We denote
by tf the trace-free part with respect to g.

Theorem 3.7. Let M be a smooth manifold of dimension 2. Let g be a
smooth metric on M and h a smooth symmetric 2-tensor on M satisfying
g“hij = 0. Then there is an ambient metric g for (M, [g]) in normal form
relative to g which satisfies tf (8,Gij|p—0) = t*hij. These conditions uniquely
determine g to infinite order at p = 0. The metric g is straight to infinite
order if and only if h;;,? = %R,i.

Proof. The proof begins the same way as the proof of Theorem 2.9 for n >
2. The components gy, are determined by Lemma 3.1. The computations
leading to (3.5) remain valid. The vanishing of the first two lines of (3.5) is
again equivalent to 0,a|,=0 = 2 and 9,b;|,=0 = 0. However when n = 2, the
coefficient (0,a —n) vanishes in the third line of (3.5). For n = 2, one always
has 2R;; = Rg;j, so vanishing of the third line is therefore equivalent to

gklapgkllpzo =R. (322)

Thus the trace of 0,gi;|,=0 is determined, but the trace-free part remains
undetermined by the Einstein condition. We observe that this information
is already enough to prove part (B) of Theorem 2.9 when n = 2: we have
now shown that a solution g is uniquely determined modulo O}FJ(p). The pre-
scription t£(0,9i5)|p=0 = hi; fixes the ambiguity in 0,g;;|,—o- It is convenient
to define P;; by
2P;; = hij + 5 Rgij

so that g;;(z, p) is still given by the second line of (3.6).

We will consider the inductive determination of the Taylor expansion of
g for higher orders as in the proof of Theorem 2.9 for n > 2. The next
order is the tricky one. For definiteness, we define g(') to be given by (3.14)
with g;j(z, p) given by the second line of (3.6) (say with the O(p?) term
set to 0); i.e., we fix the O(p?) indeterminacy in a and b; in (3.6) to be 0.
With notation as in the proof of Theorem 2.9 above, Lemma 3.2 implies that
ﬁ(()l]) = 0. Also, ﬁz(ii is given by the middle line of (3.17). In particular,

~1 : , .
Billpmo = Pijy? = Pyl i= 5 (b, = §Rai). (3.23)

Set ﬁfl) = ﬁgj) + ®;; with ®;; given by (3.8) with m = 2. The per-
turbed Ricci tensor is given by (3.11). The first line says éé%) = O(p?). The

fourth line shows that R(()i)o = O(p) if and only if ¢gp = O(p), so we require
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®00|p=0 = 0. The second line then gives §(2) O(p?). The fifth line shows

that ¢oi|,—0 can be uniquely chosen so that R( ) = = O(p), and (3.23) shows
that the so determined ¢g;|,—0 vanishes if and only if h;j,7 = %R,i. The
third line shows that the trace-free part of ¢;;|,=0 can be uniquely chosen
so that

R = Nogi; + 0(p?) (3.24)
for some function A on M. The last line shows that the trace of ¢;;|,—0
can be uniquely determined so that Roooo = O(p). Thus all ¢77|,—0 have
been determined, and all components of RI 7 vanish to the desired orders
except for (3.24). Consider now the last line of (3.13) applied to R with
m = 2. It reduces to gijapﬁg) = O(p). Thus A = 0 as desired. Therefore
we have shown that one can uniquely determine ®;; mod O(p3) to make
]%1} = O(p?) for I, J # oo and Egl = O(p). Moreover, the metric g}? SO
determined is of the form (3.14) mod O(p?) if and only if h;;,7 = FR,;.

Consider now the induction for higher m. The argument proceeds as in
the proof of Theorem 2.9 above. The relevant coefficients in the first three
lines of (3.11) never vanish for n = 2 and m > 3. Thus the conditions
EY;) = O(p™) for I, J # oo uniquely determine ®;; mod O(p™*!). Then
the three lines of (3.13) successively show that ﬁy;) = O(p™~1). Thus the
induction continues to all orders.

If g is straight to infinite order, then go; = 0 to infinite order, so by the
determination of ¢g;|,=0 when m = 2 noted above, we must have hij,j =
%R,i. Conversely, if h;j,7 = %R,i, then we have ¢g;|,—0 when m = 2. The
argument of Proposition 3.3 then shows that gog = 2p and go; = 0 to all
higher orders. O

Theorem 2.9 for n = 2 is a consequence of Theorem 3.7 and its proof. Part
(A) follows upon choosing any h;; satisfying h;* = 0. We already noted that
part (B) holds at the end of the first paragraph in the proof of Theorem 3.7
above.

We remark that in the straight case, i.e., when hij,j = %Rm the solution
g in Theorem 3.7 can be written explicitly; see Chapter 7.

Observe in Theorem 3.7 that the metric g may be put into normal form
relative to another metric g in the conformal class, giving rise to another
trace-free tensor h. Since the straightness condition is invariant under dif-
feomorphisms, h satisfies hij7j = %R,Z— if and only if h satisfies hij,j = %Rﬂ-,
where in the latter equation the covariant derivative and scalar curvature
are that of g. Note also that if g has constant scalar curvature, then h;; =0
satisfies ;' = 0 and h;j,7 = ZR,;. In the case of definite signature, the

2
uniformization theorem implies that every conformal class (M, [g]) on any
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2-manifold contains a metric of constant scalar curvature. Thus it follows
that for any definite signature metric g, there exists a trace-free h satisfying
hij, 3 = %R,i.

When n > 4 is even, the existence of formal power series solutions for
the ambient metric at order n/2 is in general obstructed. The obstruction
can be identified as a conformally invariant natural tensor generalizing the
Bach tensor in dimension 4, which we call the ambient obstruction tensor
and denote O;;. We next define the obstruction tensor and establish its basic
properties. Suppose that n > 4 is even and that g is an ambient metric for
(M, [g]). By Theorem 2.3, § is uniquely determined modulo O}, (p"/?) up to
a homogeneous diffeomorphism of é which restricts to the identity on G. Set
Q = ||T||> = g(T,T), where as usual T denotes the infinitesimal dilation.
Then @ is a defining function for G x {0} C G invariantly associated to g,
which is homogeneous of degree 2. (To see that @ is a defining function,
one can put g into normal form, whereupon Proposition 3.3 shows that
Q = 2pt?> mod O(p"/?*1).) We identify G with G x {0} via the inclusion
t.. Now Ric(g) = Of;(p™?71), so (Q*"™/2Ricg)|rg is a tensor field on G,
homogeneous of degree 2 — n, which annihilates T. It therefore defines a
symmetric 2-tensor-density on M of weight 2 — n, which is trace-free. If ¢ is
a metric in the conformal class, evaluating this tensor-density at the image
of g viewed as a section of G defines a 2-tensor on M which we denote by
(Q'~"/2Ricg)|,. We define the obstruction tensor of g to be

97=2(p /2 — 1)12

O=c, 1—n/2R- ~ L= (=1 n/2—1
(@R, en= (1) il

(3.25)

For ¢ in normal form relative to g, this reduces to
Oi = 21720 (012 Rij)po-

Theorem 3.8. Let n > 4 be even. The obstruction tensor O;; of g is inde-
pendent of the choice of ambient metric ¢ and has the following properties:

(1) O is a natural tensor invariant of the metric g; i.e., in local coordi-
nates the components of O are given by universal polynomials in the
components of g, g*1 and the curvature tensor of g and its covariant
derivatives, and can be written just in terms of the Ricci curvature and

its covariant derivatives. The expression for Oy; takes the form
Oy = A"272 (P * = Pilij ) + lots (3.26)
= (3 — n)ilAn/272Wkijl, kil + lots, .

where A = V'V; and lots denotes quadratic and higher terms in cur-
vature involving fewer derivatives.
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(2) One has
0;"=0 0;,7 = 0.

(3) Oi; is conformally im)cim'ant of weight 2 — n; i.e., if 0 <Q € C®(M)
and Eij = QQQU‘, then Oij = QQ_TLOU.

(4) If gij is conformal to an Einstein metric, then O,; = 0.

Proof. We can assume that g is in normal form relative to g. Then g is
unique up to addition of ®;; of the form (3.8) with m = n/2, where ¢qo,
boi, and g ¢;; all vanish at p = 0. The independence of (Q'~"/2 Ricg)|, on
g is then an immediate consequence of (3.11).

According to Proposition 3.3, we may take g to satisfy goo = 2p, go; = 0.
Then O;; may be obtained by setting R;; = c;;1(2p)™/2710;; mod O(p"/?)
in (3.17), applying 8,?/2_1|p:0, and taking the trace-free part. This shows
that O;; is a natural tensor and Proposition 3.5 shows that it can be written
just in terms of Ricci and its derivatives. Its linear part may be calculated
using (3.20) and (3.21) to be given by the first line of (3.26). The second
line follows from the fact that Wy i, * = (3 — n)(Pij,i * — Pi,; *)-

We have already observed that O;; is trace-free. Its conformal invariance
follows from its definition in terms of a conformally invariant tensor-density.
If g;; is Einstein, we have previously noted that there is a solution for g to
all orders, so O;; = 0.

It only remains to establish that O;;,7 = 0. This follows from the Bianchi
identity as follows. Recall that the hypotheses for (3.13) were that Rij =
O(p™1) for I, J # oo and Rjse = O(p™2). Our metric § satisfies these
with m = n/2 4+ 1 except that cnéij = (2p)"/2710;; mod O(p"/?). If one
recalculates the middle line of (3.13) allowing the possibility that Eij =
O(p™~?) but all other components vanish as before, one finds that there are
two extra terms: gjkvjﬁ,;k — %gjkviﬁjk. For m = n/2+ 1, the coefficient of

R; vanishes, so we obtain
t(apéio - 3¢]§0m) + C/Pn/%lol‘jaj = O(Pn/Q)

for some nonzero constant ¢’. We may as well take g to have gog = 2p, gio = 0,
in which case the first two terms vanish, giving the desired conclusion. [

For n = 4, 6 one can calculate O;; by hand by carrying out the compu-
tation indicated in the proof of Theorem 3.8. One obtains the tensor which
obstructs the validity of (3.18): O;; = B;; for n =4 and

0ij = Bijo © — 2WyuBM — 4P* B, + 8P Oy —4C*, Cy,
+ 207 Cjpt + AP* 1 Clipyt — AW P*  P™
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for n = 6.

When the obstruction tensor is nonzero, there are no formal power series
solutions for g beyond order n/2. However, one can still continue the solution
to higher orders by introducing log terms. In this case one is obliged to
introduce an indeterminacy and the solution is no longer determined solely
by the initial metric. We have already seen this indeterminacy phenomenon
when n = 2 in Theorem 3.7, although for n = 2 there is no obstruction and
consequently there are no log terms. When n is odd, there are solutions with
expansions involving half-integral powers which also have an indeterminacy
at order n/2.

We broaden our terminology to encompass such metrics. Recall that in
Definition 2.1, we required an ambient metric to be smooth. We now define
a generalized ambient metric to be a metric g satisfying all the conditions
of Definition 2.1, except that the smoothness condition is relaxed to the
requirement that g be C®(G \ {p = 0}) N C*(G), and in all dimensions we
require Ric(g) to vanish to infinite order along G x {0} (i.e., all derivatives
of all components of Ric(g) extend continuously to p = 0 and vanish there).
Definition 2.7 and Lemma 3.1 concerning metrics in normal form extend to
generalized ambient metrics. Proposition 2.4 and the notion of straightness
also extend to generalized ambient metrics.

We now discuss the existence and uniqueness of generalized ambient met-
rics in normal form, beginning with the case n odd.

Theorem 3.9. Let M be a smooth manifold of odd dimension n. Suppose
given a smooth metric g and a smooth symmetric 2-tensor h on M satisfying
g“hi; = 0. Then there exists a generalized ambient metric g which is in

normal form relative to g and whose restriction to either Gn {p > 0} or
GN{p <0} has the form

1y = 0 + 05 o
where w(o) w(l) extend smoothl to p=0 and tf (1 =t2h;;. Th
17> Y1 yuptop=0an (2 lp=0 ) = t°h;j. The

Taylor expansions of the wﬁ)}) and 1/)}1]) are uniquely determined to infinite
order by these conditions, and the solution satisfies gij¢§;)|p:0 = 0. The
metric § is straight to infinite order if and only if hij,7 = 0.

Proof. We construct § separately on G N {p > 0} and on G N {p < 0}. First
consider {p > 0}.

Return to the inductive construction of g in Theorem 2.9. If we pause in
that construction at m = (n — 1)/2, we have §g((®=1)/2) determined uniquely
mod O(p™+1)/2) by (3.1) and the condition Ricy;(g{("=1/2)) = O(p(n—1)/2)
for I, J # co. Proposition 3.3 shows that we may as well choose g{("=1/2) to
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be of the form (3.14), in which case we have RS /% =0, R{(""1/?) —
and of course 1:25;”71)/2) is smooth, i.e., it has no half-integral powers in its
expansion. Previously we considered only formal power series solutions, so
we next modified g at order (n+1)/2. Now we instead modify g at order n/2:
set §§TL/2) = §§(Jn—l)/2) + ®;, where ®;; is of the form (3.8) with m = n/2
and each ¢ry is asymptotic to a formal power series in /p. It follows from
(3.4) that each component of the Ricci curvature of such a metric is also
asymptotic to a formal power series in \/p. (For n = 3, the series for the
components ﬁ[oo may in principle also contain a pfl/ 2 term arising from the
p*/? term in §; see below.) Now (3.11) still holds except the Ié%ﬁl) which

appear on the right-hand side are now replaced by E%L_l/ %) and the error
terms are shifted by %: the error terms in the first three lines are O(p™~1/2)
and those in the last three lines are O(p™~3/2). Vanishing of the first three
lines of (3.11) gives at p = 0: ¢go = 0, ¢o; = 0, g” ¢;; = 0, but the trace-free
part of ¢;; may be chosen arbitrarily. We define 3™/?) by taking @ij = hyj
and §("/?) of the form (3.14), so that R{/* =0, R{"* = 0. Also, Eg;l/z) is
asymptotic to a formal power series in ,/p, which by construction satisfies
Eg?/m = O(p"=1/2), We now modify g("/?) by addition of a term (3.8) with
m = (n+1)/2 to obtain g{"*+1/2). Once again (3.11) holds with the shifted
error terms and superscripts on J:EU. None of the relevant constants which
appear in (3.11) vanish for this value of m, so we deduce that ¢go, ¢o;, and
¢i; are all detemined at p = 0 and once again ¢oo and ¢y, may be taken
to be identically 0. Now Eé%nﬂ)/m =0, E(()(inﬂ)/m = 0, and §£§"+1)/2) is
l(j(_n+1)/2) = 0(p"/?).
Before proceeding with the induction, consider the components Eﬁfj;“)/ 2,

We have Eégﬂ)/z) = 0 by Lemma 3.2. The components Eggﬂ)/z) and
RU+D/2)

asymptotic to a formal power series in /p satisfying R

are given by formal power series in \/p. (When n = 3, at first

glance it appears from the third line of (3.17) that the p3/2 term in g,
generates a p~ /2 term in Ré&%j”/ ) However this term has coefficient 0

because g“h;; = 0.) Now it is easily checked that (3.13) holds for m € 3Z
and for the g that we are considering with expansions in /p, still under
the same hypotheses: Ry; = O(p™ 1) for I, J # oo and Rjoe = O(p™2).
(When n = 3 one modification is required: the error term in the last line is
O(p™ 1) +0(p"/2 Ry ), owing to the p?/2 term in the expansion of gij.) If we
proceed by induction on the order of vanishing of EE&ZH)/Q) and ﬁéﬂfgi”/z)
in (3.13) similarly to the proof of Theorem 2.9, now using é(()(]n+1)/2) =0 and

fignﬂ)ﬂ) = O(Pn/2)7 we find §£$+1)/2)7 R(D(O?gl)ﬂ) = O(p"/Q_l). We make
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one further observation about R(("+1)/2), namely, (p'~ ”/QR((nH)/Q))\p_O is

a constant multiple of h”ﬂ To see this, note that g((»*1)/2) is of the form
(3.14) where g;; = 771(;)) + 7] p”/2 for 7](;)), 771(]) smooth and nzj)\p o = hij.
The middle line of (3.17) together with the fact that g”h;; = 0 then imply
that the p™/2~! coefficient in the expansion of REgH)/Q)
hi;,”.

179
Return now to the inductive construction of g. We next define gf,"/ 241

~§(Jn+1)/2) + &7y with &7y given by (3.8) with m = n/2 4 1. The first line
of (3.11) (with shifted error) tells us that E&;/QH) = O(p™™*+1/2) indepen-
dent of the choice of ¢go. However, the fourth line of (3.11) tells us that we
must choose ¢gg = 0 at p = 0 in order to make Eéﬁgzﬂ) = O(pn—1/2),
Now the second line of (3.11) says that Eé?ﬂﬂ) = O(p"*t1/2) indepen-
dent of the choice of ¢o;. However, the fifth line determines ¢g;|,—o by the
requirement that R\"/*™) = O(p("’l)/z) The third line then determines
¢Z]|p o by the requirement that R;; = O(p("t1)/2). Taking m = (n + 1)/2

n (3.13), we already know that the first two lines hold, and the third
hne tells us that RUZTY = O(p™=1/2). Thus the ¢;|,—0 have been
uniquely determined and we have EY}/QH) = O(p"tV/2) for I, J # oo
and Rg’;éﬂl) = O(p(™=1/2). In this determination, we found @po|,—o = 0
and @o;|p,=0 was determined by the fifth line of (3.11). By the observation
noted above that (p 1_"/2]§((n+1)/2 )p=0 is a constant multiple of hij, 7, we
deduce that ¢g;|,=0 is a constant multiple of %;;,7, and in particular ®0i] p=0
vanishes if and only if h;;,7 = 0.

Now we modify g to higher orders successively by induction increasing

m by 1/2 each step. The induction statement is that Ey}l) is uniquely de-

termined mod O(p™+1/2) by the requirement that E(If’;) = O(p™~1/?) for
I, J # oo. We have established above the case m = n/2 + 1. Up through
m = n—1/2, the induction step follows from the first three lines of (3.11) just
as in the proof of Theorem 2.9. Again just as in the proof of Theorem 2.9,
we then deduce that R"-'/?) = O(p"=2) using (3.13).

For m = n we encounter the vanishing of the coefficient of the trace in the
third line of (3.11). The same reasoning used in the proof of Theorem 2.9
applies here: the fact that we are increasing m by 1/2 rather than 1 at each
step plays no role in that analysis. The induction for higher m then proceeds
as usual, including the induction based on (3.13) for the Rj., components.
Thus it follows that there is a unique series for g of the desired form for
which all components of Ric(g) vanish to infinite order.

Finally we observe that, just as in the proof of Proposition 3.3, once we
get beyond m = n/2+1 the special form (3.14) is preserved in the induction.

is a multiple of
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So if hij,7 = 0, then the solution has goo = 2p, go; = 0 to infinite order.

We construct g for {p < 0} by using the reflection R as in Proposition 3.6.
If g is a solution on {p > 0} with data —g, —h, then —R*g is a solution
on {p < 0} with data g, h and vice versa. That the solutions match to first
order at p = 0 can be checked using (3.6). In fact, Proposition 3.6 and the
uniqueness of the expansion imply that the solution obtained by reflection
is C("=1/2 across p = 0. O

The analogue of Theorem 3.9 for n even is the following.

Theorem 3.10. Let M be a smooth manifold of even dimension n > 4. If
g s a smooth metric and h a smooth symmetric 2-tensor on M satisfying
gijhij =0, then there exists a generalized ambient metric g in normal form
relative to g, which has an expansion of the form

~ ~(N n
grs~ > apy (p"*log )N (3.27)
N=0

where the 551}7) are smooth on G and tf (8}')’/2§(Q)) = t?h;; at p = 0. The

ij
Taylor expansions of the ,gvy}/) are uniquely determined to infinite order by

these conditions. The solution § is smooth (i.e., gN) vanishes to infinite
order for N > 1) if and only if the obstruction tensor O;; vanishes on M.
There is a natural pseudo-Riemannian invariant 1-form D; such that the
solution g is straight to infinite order if and only if h;j,7 = D;.

Remark 3.11. Observe that the corresponding result when n = 2 (Theo-
rem 3.7) takes precisely the same form, except that there are no log terms
and the obstruction tensor always vanishes. Theorem 3.7 shows that when
n = 2, one has D; = %R,i. For general even n, D; is given by (3.36) below,
and is the same tensor which appears in Theorem 3.1 of [GrH2]. When n = 4,
one has
D; = 4P% P ). — 3PT* Py + 2P PFy .

Remark 3.12. We do not know whether for any (M, g) the equation h;;,7 =
D, admits a solution. We have already observed after the proof of Theo-
rem 3.7 that the existence of a solution is a conformally invariant condition
and that there is always a solution if g is definite and n = 2. For n > 3, the
equation h;;,7 = f; always admits a local solution for any smooth 1-form
fi. This follows from the fact that at each point of the cotangent bundle
minus the zero section, the symbol of the operator div : @3T*M — T*M is
surjective, so that there is a right parametrix (see Theorem 19.5.2 of [Hd]).
This also implies that on a compact manifold, the range of div has finite
codimension. For g definite and M compact, the range of div is the L? or-
thogonal complement of the space of global conformal Killing fields. Using
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this and the explicit formula for D; above, one can show that there exists a
solution to h;j,7 = D; if n =4, g is definite, and M is compact.

We prepare to prove Theorem 3.10. Denote by A the space of formal
asymptotic expansions of scalar functions f on Ry x M x R of the form
F >0 F N log )N
N>0
where each fV) is smooth and homogeneous of degree 0 in t. It is easily
checked that A is an algebra, that A is preserved by 0,: and pd,, and that
fte Aif fe Aand f # 0 at p = 0. The metric § which we construct
actually has a more refined expansion than (3.27). Let M denote the space
of formal asymptotic expansions of metrics g on Ry x M X R of the form
20+ thy t
gjj = tbi t2gij 0 (328)
t 0 O
with o € p*/?1t2 A, b; € p"/2T1 A, gij € A. We will show that there is a
unique expansion g € M satisfying that g;; is the given representative at
p =0, that tf(@n/Qg”)) = h;; at p =0, and that Ric(g) = 0.

For gr; of the form (3.28), the inverse g/ and Christoffel symbols fUK
are given by (3.2) and (3.3) with a = 2p + «. Observe that for all IJ we
have t2~#UNGH) ¢ A, where #(I.J) denotes the number of zeros in the
list 1J. Also, for the off-anti-diagonal elements there is an improvement:
t2=#UNGI) ¢ p A unless both I.J are between 1 and n or one is 0 and the
other oo. Similarly, for the Christoffel symbols we have: pI'r i € 2= #UIK) g
for all components, and I';jx € t2~#U7K) A unless two of IJK are between
1 and n and the third is co.

Propos1t10n 3.13. Ifg € M, then t2R00 € p/2t1 A, tRomtROOO € p?A,
pRz]7 pRzoo € -A P Roooo c A
Proof. We first derive a formula for the components Ry for g of the form
(3 28) Set Ery; = T[[ J]- The fact that Lrgr; = 2917 1mphes that T([ J) =
91,80 Ty = gry+ Ery. Thus T1 j = Erj, k. Now tRorsx = T"Rpijx =
217, 17K) = 2E715,K], SO tROJ =tg! ROUK =7 KE[J’K. Expand the covari-
ant derivative to obtain
tRoy = %0k Ery — %G Tk pEqs — 537 “T yxpErg. (3.29)
The components of Ty are given by T; = tgro = (2pt + at,t?b;,t?). The
1-form 2ptdt+t2dp is d(pt?), so these terms can be ignored when calculating
E]J = T[LJ] = 8[JT1]. Thus we have
0 t(ajoz - 2[)]) t(‘?pa
2E]J = t(2bl — Bia) t2(8jbi — aibj) t2(9pbi
—td —t20,b; 0
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We will use that this is of the form

0 tpn/2+1A tpn/2+1A
E;; = tpn/2+1A t2p"/2+1A t2pn/2A . (330)
tpn/2+1./4 tQpn/QA 0

The conclusion of Proposition 3.13 for the components EO 7 follows upon
expanding the contractions in (3.29) and using (3.30) and our knowledge of
§'/ and Ty, k. We indicate the details for Ryo; the cases ROJ and R, are
similar. In all cases, one knows ahead of time that the powers of ¢ work out
correctly.

Setting J = 0 in (3.29) gives

t*Roo = t§" X 0k Ero — tg" K g T 1 p Ego — t§" ¥ G “Tox pErq.

It follows using Erq € t'=#) pn/2+1 A and 2~ #UK)GIK ¢ A that when the
first term on the right-hand side is expanded, all terms are in p™/?t1 A except
possibly those with K = oco. Since Eyy = 0, only the terms with K = oo and
I # 0 need be considered. But t2~#(gl>* ¢ pA for I # 0, so the first term
is in p/2 1 A. B

A term in the expansion of the second term is in p”/2+1.A unless i p ¢
t2=#UKP) A This gives that two of IKP must be between 1 and n and
the third must be co. Each of the pairs K, PQ must be Oco or with both
indices between 1 and n. @) cannot be 0. There are no such possibilities, so
the second term is in p"/2+1A.

For the third term, we have Toxp € t1~#EP) 4. So for a term not to be
in p"/2+1 A, it must be that Ejq is not in t2~#U@) pn/2+1 A which gives that
one of I() is between 1 and n and the other is co. Again each of the pairs
IK, PQ must be 0co or with both indices between 1 and n. So one of K P
must be 0 and the other between 1 and n. However, (3.3) shows that Tgko,
fOOk € pA, so the third term is in P/ 2TLA.

For the components Ry in which neither I nor J is 0, we use (3.4). It is
straightforward to check using the observations above about g’/ and r IJK
that for each of the possibilities IJ = ij, 00, cooo, each term on the right-
hand side of (3.4) is in A when multiplied by the indicated power of p. O

In order to carry out the inductive perturbation analysis for Theorem 3.10,
we need to extend (3.11) to the case where the perturbations involve log
terms. If 0 < m € Z, we will say that an expansion is O™ if it can be written
in the form > o u™) (log |p|)V, where each u(™) is smooth, homogeneous
of some degree in ¢, and O(p™). Set A™ = O™ N A. The same calculations
that gave (3.11) give the following.
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Proposition 3.14. Let g have the form (3.28) with a, b; € A2, g;(z,p) =
gij(x) + 2Pijp+ A% Set g, = gry + @1y, where

oo too; O
D= | toio t2¢ij 0 (3.31)
0 0 0

with the ¢r; € A™, m > 2. Then

2Ry = t*Rop + (pd2 — 20,) oo + O™
tRp; = tRoi + (09} — 30,)b0i + 502,000 + O™
E;j = Eij + [Paﬁ + (1= 2)9,] by — %gklap¢klgij
+ 3(V;0p00i + ViOyo;) + PijOpdoo + O™ (3.32)
tRY,, = tRose + 102000 + O™
E;oo = Rios + %8,3%1‘ +omt
Rl = Roooo — %gklaﬁqﬁkz +0m

We also need the analogue of (3.13) for expansions with logs. The same
reasoning as for (3.13) shows that if g € M satisfies for some m > 2 that
Ry = O™ ! for I, J # oo and Rro, = O™=2 then (3.13) holds except that
the error terms are all O™ rather than O(p™).

Proof of Theorem 8.10. The analysis of Theorem 2.9 and Proposition 3.3
leaves us with a smooth g;;(z,p) determined modulo O(p™/?) so that the
metric g defined by (3.14) satisfies Ror =0, Eij, ﬁjoo = 0(p™/?*7 1), Roooo =
O(p™/?72). (We will save the determination of the trace of the p"/? term
in the expansion of g;; for the next step of the induction.) Each coefficient
in the Taylor expansion of g;; through order n/2 — 1 is a natural tensorial
invariant of the initial metric g. Let us write (§ — 1)! ﬁij = p"/?71r;; and
(5 — 1! Ejm = p”/2’17"j007 where 7;; and rjo are smooth and independent
of ¢. The obstruction tensor is given by

(2 —1)10y; = 272, tf (r45) ] p=o

with ¢, as in (3.25). The values at p = 0 of 7o and the trace gFtryy do
depend on the choice of g;; at order n/2. However, if we fix g;; to be its
finite Taylor polynomial of order n/2 — 1, then these values can be expressed
as natural tensorial invariants of the initial metric g.

For specificity, fix g;; to be this Taylor polynomial. Define g;; as in
Proposition 3.14 with m = n/2. It is clear from (3.32) that only the ¢r;
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mod A™/2+! can affect the El J at the next order. So we may as well take

(2)! 600 = p"/2 (5D log]p| + 5
(5)1 d0i = /2 (" o o] + 1)
(3)! 6y = "% (X} 1og ol + A

with coefficients (V) u(N) /\(N) N =

V|3

I3

w[3

=0, 1, smooth and independent of ¢.
The first equation of (3.32) and the requirement Ef)o O"/? give (p02 —
9,)boo = O™'?, which is easily seen to imply that $oo = O"/2+1, Similarly
the second equation of (3.32) and the requlrement R = O"/2 give ¢p; =
O™/2+1_ The third equation and the requirement R’ = O”/ 2 give

rij = 50" g og ol = (397 + 16MAL ) gig + A = 0L (3.33)

Clearly we must have gkl)\,(i) = 0 at p = 0. Taking the trace-free part then

shows that tf(r;;) + )\(14) =0at p=0,so

Cn)\(l)‘p 0= 2n/2 1( 1)'0”

Now taking the trace in (3.33) gives gFlry = ngl)\,(;;) at p = 0. These

determinations are necessary and sufficient for R/ = O™2. The trace-free
part of )\Ej) is undetermined by the Einstein condition, but is fixed by the
choice of h;j: tf()\z(-?)|p:0) = h;;. Thus

2
A(O)‘p 0 — h’L_] + T’k g’Lj

Now §I ; is determined mod A"/2*1. We fix the A™/2%! indeterminacy
in Jb0s goz by taking ¢00, ¢0i = 0, so that g}, has the form (3.14). Then

or =0, R' =02 Rl =0"2"1 R = O">2 Also we know that

2Rgooo € A by Proposition 3.13. Substltutlng this information into the last
line of (3.13) with m = n/2 shows that R/ _ = O™/ For reference in the
next step, we will need to know the leading term of ﬁ;w This component is
given explicitly by the middle line of (3.17) (where, however, ' denotes 0,).
Replacing gi; by gij + ¢i; in (3.17) and recalling O;7 = 0, O;;,7 = 0, one
finds that

~ 1 . -1
(% - 1)! R;oo = pn/2—1 <Tioo + §hija] - n?rj 72> + On/2 (3'34)

This completes the m = n/2 step. The metric 91J has the form (3.14) and
its Ricci curvature satisfies R}, = 0, R' —O"2 R, R, . =0"2"1

100
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Now rename what was g7, to be a new gr;. Proposition 3.13 shows that
this new gr; has pR;; € A, so we can write

(

N3

Ry = o2 (r log|pl + 7)) + O/ (3.35)

with coefficients rgv), N =0, 1, smooth and independent of ¢. Now construct
a new g7, as in Proposition 3.14 with m = n/2 + 1. This time we take

(3 +1)! goo = p/*1 (D log o] + )
(5 + Dt 60 = /2" (M 108 1]+ ")

(3+1)! 655 = o/ (A 10g o] +A) .

Referring to (3.32), the requirement Rjy, = O™/2*+1 is equivalent to x() lp=0 =
0; no condition is imposed on x(*). However, the requirement R} = O™? is
equivalent to ¢go = O™/?+2. Thus the V) |p=0 are determined and we may

as well take ¢gp = 0. Similarly, the requirement }N%z = O™/?*1 is equivalent
(1)

to u§1)|p:0 = 0, so we take u,”’ = 0. The requirement E;OO = 0™/? uniquely
determines ,ugo)\pzo. Note that according to (3.34), we have ugo)|p=0 =0

and therefore ¢p; = if and only if h;;,7 = D;, where
(and therefore ¢o; = O™/2%2) if and only if h;;,7 = D;, wh

n—1
Di =2 (7127"]'],2' — Tioo) ‘p:O. (336)

An easy computation from the third line of (3.32) using (3.35) shows that the
requirement Eéj = O™/?*1 uniquely determines the )\,E;V) |p=0. Now the third
line of (3.13) with m = n/2 4 1 shows that R = O"™/2. This completes
the m = n/2 + 1 step. We have g), € M with R}, Rj;, ﬁ;] = On/2HL
R}, = O™?2. Moreover, it always holds that gy, = 2p + O™/2+2 and g}, =
O™/?%2 if and only if h;j,7 = D;. If O;; = 0, then no log terms occur in any
of the expansions, and g} ; is smooth.

We now prove by induction on m that there is a metric g € M, with «,
bi, gij in (3.28) uniquely determined mod O™, such that R;; = O™~ ! for
I, J # oo and Rioo = O™ 2, We will also show that the metric g satisfies
Joo = 2p+O™ and go; = O™ if and only if h;;,7 = D;. Moreover, g is smooth
if and only if O,; = 0. We have established this for m = n/2 + 2.

The argument for the induction step passing from m to m + 1 differs
depending on whether or not m = n. First assume m # n, and of course
m > n/2 + 2. Proposition 3.13 implies that the Ricci curvature of gr; takes
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the form
~ Ml
(m = D! Roo = p™ 1 Y vy (log o) + O™
N=0
~ M2
(m— 1)1 tRo; = p" ' > iy (log o) + O™ (3.37)
N=0
M3
D m— N m
(m— DR = p™ 1 > 1 (log o)) + O
N=0
where

i e

and the coefficient functions rgj}r) are smooth and independent of ¢. Define

g7 as in Proposition 3.14. The requirement that ¢’ € M implies that the
perturbation terms take the form

My
oo = o™ 3 5 (log o)™

N=0
M
m N
mlgo; = p™ > ™ (log |p))™ (3.38)
N=0
M3
N
ml¢ij = p™ Z >‘1('j (log )™
N=0

with coefficients smooth and independent of ¢. (It is straightforward to mod-
ify the argument to allow more general perturbations; for example, only to
require that §{g, g¢; € A. One finds that the only solution is the one con-
structed here with § € M.) Since §’ € M, the components Ry, Rl;, E;J
take the same form as in (3.37) with coefficients r}(jv) determined by (3.32).
Upon substituting the first line of (3.38) into the first line of (3.32), one finds
by considering the coefficients of (log |p|)" inductively that the requirement
R{)O = O™ can be satisfied and uniquely determines the coefficients ) at
p = 0. Since My < Ms, the term %3;%0 in the second line of (3.32) can be
written in the same form as that of tR}; in (3.37). Substituting the second
line of (3.38) into (3.32), one finds that the requirement Rj;, = O™ can be

(V)

satisfied and uniquely determines the 11;” ’ at p = 0. Similarly, using m # n,

one finds that the requirement ﬁgj = O™ can be satisfied and uniquely de-
termines the )\l(;v) at p = 0. Now consider the Bianchi identities (3.13). The
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form of the components E is given by Proposition 3.13 and the induction
hypothesis. Substituting 1nto (3.13) and using the vamshmg RI 7 = O™ for
I, J # oo, one finds successively that Ry, = O™ 1, R, = O™ and
(again using m # n) R, = O™ L. It is evident from Lemma 3.2 that if
g has the form (3.14), then ¢’ does too, and it is also evident that if g is
smooth, then g’ is too. This concludes the induction step in case m # n.
Finally consider the case m = n. The argument for the determination of
the components ¢go and ¢o; mod O™+ is unchanged. The first two lines
of (3.13) then show that R}, R, = O" 1. For m = n we have Mz = 2.
Substituting into the third line of (3.32), one finds that one can uniquely
choose the coefficients )\Ej»v) for N = 1,2 and the trace-free part tf()\l(»?)) at

p =0 to make 7 A /(1), tf(rggg)) = O(p). This leaves us with

Rij = cp"*(log |p|)?gi; + O"
for some smooth c, and there remains an indeterminacy of a multiple of p"g;;
in ¢;;. Proposition 3.13 and the induction hypothesis imply that

(n—2R.__ = p" 2 Z M) (log |p))N 4+ O L.

Substituting this information into the third line of (3.13), one finds that
c, 1"0(330, and roogo all vanish at p = 0. Thus we have R’ = 0" and (n

IR, =p" 2;/0) + O". Now an inspection of the last line of (3.32)
shows that one can umquely fix the p"g;; indeterminacy in ¢;; to kill this

last coefficient in ROO<>o7 completing the induction step. In principle, this
argument allows the possibility that a log term might be created in ¢;;
even if g is smooth, but the same reasoning as in the proof for n odd in
Theorem 2.9 shows that this potential log term does not occur. O

We remark that similar arguments using the form of the perturbation
formulae (3.32) for the Ricci curvature show that the metrics constructed
in Theorems 3.7, 3.9 and 3.10 are the only formal expansions of metrics
for p > 0 or p < 0 involving positive powers of |p| and log|p| which are
homogeneous of degree 2, Ricci-flat to infinite order, and in normal form.

Convergence of formal series determined by Fuchsian problems such as
these in the case of real-analytic data has been considered by several authors.
In particular, results of [BaoG] can be applied to establish the convergence
of the series occurring in Theorems 3.7 and 3.9 (and also in Theorem 3.10
if the obstruction tensor vanishes) if g and h are real-analytic. Convergence
results including also the case when log terms occur in Theorem 3.10 are
contained in [K].

Other treatments of various aspects of the construction and properties of
ambient metrics are contained in [CG], [GP1], [BrG], [GP2].



Chapter Four

Poincaré Metrics

In this chapter we consider the formal theory for Poincaré metrics associated
to a conformal manifold (M, [g]). We will see that even Poincaré metrics are
in one-to-one correspondence with straight ambient metrics, if both are in
normal form. Thus the formal theory for Poincaré metrics is a consequence
of the results of Chapter 3. The derivation of a Poincaré metric from an
ambient metric was described in [FG], and the inverse construction of an
ambient metric as the cone metric over a Poincaré metric was given in §5 of
[GrL].

The definition of Poincaré metrics is motivated by the example of the
hyperbolic metric 4(1 — |x|?)72g. on the ball, where g. denotes the Eu-
clidean metric. Let (M, [g]) be a smooth manifold of dimension n > 2 with
a conformal class of metrics of signature (p,q). Let My be a manifold with
boundary satisfying OM = M. Let r denote a defining function for OM,;
ie., r € C>®(My) satisfies » > 0 in the interior M, r = 0 on M, and
dr # 0 on M. A smooth metric g, on M of signature (p + 1,q) is said
to be conformally compact if 72g, extends smoothly to M, and r2g, | is
nondegenerate (so 72g, has signature (p + 1,¢) also on M). A conformally
compact metric is said to have conformal infinity (M, [g]) if 72g4|ra € [g]-
These conditions are independent of the choice of defining function r.

In the following, we will be concerned only with behavior near M. We
will identify M, with an open neighborhood of M x {0} in M x [0, c0),
and r will denote the coordinate in the second factor. We will use lowercase
Greek indices to label objects on M. Let S, be a symmetric 2-tensor field
in an open neighborhood of M x {0} in M x [0,00). For m > 0, we will
write S = O;'ﬁ(rm) it § = O@™) and try(i*(r=™S)) = 0 on M, where
i: M — M x[0,00) is i(z) = (x,0) and g is a metric in the conformal class
[g]-

Definition 4.1. A Poincaré metric for (M, [¢]), where [g] is a conformal class
of signature (p,q) on M, is a conformally compact metric g4 of signature

(p+1,q) on M2, where M, is an open neighborhood of M x {0} in M x[0, c0),
such that

(1) g4+ has conformal infinity (M, [g]).
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(2) If n is odd or n = 2, then Ric(gy+) + ng4+ vanishes to infinite order
along M.

If n > 4 is even, then Ric(gy) + ngy € Oiﬁ(rn—z).

Alternatively, one can consider metrics g_ on M$ of signature (p, ¢+ 1) such
that Ric(g—) — ng— vanishes to the stated order. This is equivalent to the
above upon taking g_ = —g, with ¢ = —g and (p,q) — (¢,p).

If g, is a conformally compact metric, then |dr/r|,, = |dr|,z4, extends
smoothly to M. The conformal transformation law for the curvature tensor
shows that all sectional curvatures of g; approach —|dr/ r|3+ at a boundary
point (see [M]). We will say that a conformally compact metric g is asymp-
totically hyperbolic if |dr/r|,, = 1 on M. A Poincaré metric is asymptoti-
cally hyperbolic.

There is a normal form for asymptotically hyperbolic metrics analogous
to the normal form for pre-ambient metrics discussed in Chapter 2.

Definition 4.2. An asymptotically hyperbolic metric g4 is said to be in nor-
mal form relative to a metric g in the conformal class if g, = r—2 (dr® + g,),
where g, is a l-parameter family of metrics on M of signature (p,q) such
that g = g.

Proposition 4.3. Let gy be an asymptotically hyperbolic metric on M{ and
let g be a metric in the conformal class. Then there exists an open neighbor-
hood U of M x {0} in M x [0,00) on which there is a unique diffeomorphism
@ from U into M, such that ¢|ps is the identity map, and such that ¢* gy is
in normal form relative to g on U.

We refer to §5 of [GrL] for the proof. The proof in [GrL] is for the case
M = S™ and ¢4 positive definite, but the same argument applies in the
general case, arguing as in the proof of Proposition 2.8 if M is noncompact.

We will say that an asymptotically hyperbolic metric g, on M? is even
if r2g, is the restriction to M, of a smooth metric h on an open set V C
M x (=00, 0) containing M, such that V and h are invariant under r — —7.
We will say that a diffeomorphism ¢ from M, into M x [0,00) satisfying
Ylarxqoy = Id is even if 1 is the restriction of a diffeomorphism of such an
open set V which commutes with r — —r. If ¥ is an even diffeomorphism
and g4 is an even asymptotically hyperbolic metric, then *g, is also even.
An examination of the proof in [GrL] shows that if g4 in Proposition 4.3 is
even, then ¢ is also even.

The first main results of this chapter are the following analogues of The-
orems 2.3 and 2.9.

Theorem 4.4. Let (M,[g]) be a smooth manifold of dimension n > 2,
equipped with a conformal class. Then there exists an even Poincaré met-
ric for (M,l[g]). Moreover, if g}r and gi are two even Poincaré metrics
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for (M, [g]) defined on (ML1)°, (M2)°, resp., then there are open subsets
U' ¢ Mi and U*> C M3 containing M x {0} and an even diffeomorphism
¢ U — U? such that Blarx oy s the identity map, and such that

(a) If n =dim M is odd, then gl+ —qﬁ*gi vanishes to infinite order at every
point of M x {0}.

(b) If n = dim M is even, then g} — ¢*g% = OIB(T”’Q).

Theorem 4.5. Let M be a smooth manifold of dimension n > 2 and g a
smooth metric on M.

(A) There exists an even Poincaré metric g4 for (M, [g]) which is in normal
form relative to g.

(B) Suppose that g and g3 are even Poincaré metrics for (M,[g]), both
of which are in normal form relative to g. If n is odd, then gi — g_%_
vanishes to infinite order at every point of M x {0}. If n is even, then

gi - gi = O%(’"n*z)-

Theorem 4.4 follows from Theorem 4.5 and Proposition 4.3 just as in
the proof of Theorem 2.3. Theorem 4.5 will be proven as a consequence of
Theorem 2.9 after we establish the equivalence of straight ambient metrics
and even Poincaré metrics in normal form.

Let (G,g) be a straight pre-ambient space for (M, [g]). It follows from
Proposition 2.4 that ||TH2 vanishes exactly to first order on G x {0} C G.
Therefore (shrinking G if necessary) the hypersurface H = G N {||T|? = -1}
lies on one side of G x {0}. Since ||T'||? is homogeneous of degree 2 with
respect to the dilations, it follows (shrinking G again if necessary) that each
dilation orbit in § on this Sid@v intersects H exactly once. We extend the
projection 7 : G - M tonwm: G C G xR — M x R by acting in the first

factor. Define x : M x R — M x [0,00) by x(z,p) = (m,\/2|p|). Then

(shrinking G yet again if necessary) there is an open set M, in M x [0, c0)
containing M x {0} so that x ow|y : H — M is a diffeomorphism. In the
following, we allow ourselves to shrink the domains of definition of g and g
without further mention.

Proposition 4.6. If (G,§) is a straight pre-ambient space for (M, [g]) and
H and M, are as above, then

g+ ‘= ((XOW"H)_I)*g (4].)
is an even asymptotically hyperbolic metric with conformal infinity (M, [g]).

If g is in normal form relative to a metric g € [g], then g4 is also in nor-
mal form relative to g. Every even asymptotically hyperbolic metric g4 with
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conformal infinity (M, [g]) is of the form (4.1) for some straight pre-ambient
metric g for (M,[g]). If g+ is in normal form relative to g, then g can be
taken to be in normal form relative to g, and in this case g on {||T|* < 0}
is uniquely determined by g .

Proof. Choose a metric g in the conformal class at infinity, with correspond-
ing identification G x R =2 R, x M x R. Set goo = a, so a = a(z, p) is smooth
and homogeneous of degree 0 with respect to t. Then ||T||* = at?. According
to condition (2) of Proposition 2.4, g is straight if and only if it has the form

g = adt® + tdtda + t*h, (4.2)

where h = h(z, p,dx,dp) is a smooth quadratic form defined in a neighbor-
hood of M x {0} in M x R. The initial condition ¢*g = go is equivalent to
a(x,0) = 0 and h(z,0,dz,0) = g(z,dx), and nondegeneracy of g is equivalent
to 0,a # 0 when p = 0.

Now H = {at? = —1}. On {a < 0}, introduce new variables u > 0 and
s > 0by a = —u?, s = ut. Elementary computation shows that adt?>+tdtda =
s2u"2du? — ds?. Therefore, in terms of these variables § can be written

g = s*u"2(h + du®) — ds>.
This is the cone metric over the base u=2(h + du?). Thus every straight
pre-ambient metric is a cone metric of this form. In the new variables, H is
defined by the equation s = 1. So the restriction of g to TH is the metric
u=%(h + du?).

First suppose that g is in normal form relative to g. Comparing Lemma 3.1
with (4.2), one sees that this is equivalent to the conditions that d,a = 2
and h = g,(x,dz), where g, is a smooth 1-parameter family of metrics on
M satisfying go = g. We obtain a = 2p and so u = /—2p. By the definition
of x, we see that u = r is the coordinate in the second factor of M x [0, c0).
Hence g defined by (4.1) is just the metric

g =172 (dr+g_ ) (43)

on M x [0,00). Clearly g is an even asymptotically hyperbolic metric with
conformal infinity (M, [g]) in normal form relative to g.

In the general case, we have g, = u~2(h + du?) with v = /—a and
h = h(x,p,dz,dp). Since r is given by r = 1/2|p| and a vanishes exactly
to first order at p = 0, we can write u = rb(z,7?) for a positive smooth
function b. Using this and writing p = :I:%rz, one sees easily that g, is an
even asymptotically hyperbolic metric with conformal infinity (M, [g]).

To see that every even asymptotically hyperbolic metric with conformal
infinity (M, [g]) is of this form, take g to be given by (4.2) with a = 2p so
that g4 = r~2(h +dr?) with p = —1r2. Writing

h = hij(z, p)da'ds’ + 2his (z, p)dz'dp + hoooo (2, p)dp?
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gives
h+dr? =hg;(z, —3r?)da'dz? — 2rhie (z, —3r?)da’dr
+ [14 r*hooso (@, —377)] dr.

An asymptotically hyperbolic metric g4 is even if and only if the Taylor
expansions of the dz'dz coefficients of 72g, have only even terms, the Taylor
expansions of the dz'dr coefficients of 72g, have only odd terms, and the
dr? coefficient of 72g, equals 1 at r = 0 and has Taylor expansion with only
even terms. Clearly, any such g, can be written in the form »~2(h 4+ dr?) for
some h with all hg(z, p) smooth.

In general, there are many straight pre-ambient metrics g such that (4.1)
gives the same metric g4 : a given such g can be pulled back by a diffeomor-
phism of G which covers the identity on M x R but which smoothly rescales
the R -fibers by a factor depending on the point in the base (and which
restricts to the identity on G x {0}). If, however, g+ is in normal form and
g is required also to be in normal form, then the determination a = 2p is
forced. In this case, we saw above that if h in (4.2) is written h = g,(z, dx),
then g, is given by (4.3). Clearly, g+ uniquely determines h on {p < 0}. O

We summarize the relation for metrics in normal form. A straight pre-
ambient metric in normal form can be written

g = 2pdt* + 2tdtdp + t*g, (4.4)

for a 1-parameter family of metrics g, on M. Under the change of variables
—2p =12, s =rt on {p <0}, g takes the form

g=s’gy —ds* (4.5)

where g4 is given by (4.3).

We remark that the hypothesis in Proposition 4.6 that g is straight is
important: if g is not assumed to be straight, then the metric g, defined by
(4.1) need not be asymptotically hyperbolic. Also, a cone metric s?k — ds?
over any base (N, k), where N is a manifold and k a metric on N, is straight
in the sense that for each s > 0, p € N, the curve A — (As,p) is a geodesic.

The relation between the curvature of a cone metric and that of the base
is well-known. We include the derivation for completeness.

Proposition 4.7. Let g4 be a metric on a manifold My of dimension n+1,
and define a metric g = s*>g, — ds? on My x Ry. Then

Rm(g) = s* [Rm(g+) + g+ ® g4]
Ric(g) = Ric(gs) + ngs
R(g) = s7?[R(g4) + n(n+1)]
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Here Rm denotes the Riemann tensor viewed as a covariant 4-tensor, and
for symmetric 2-tensors u, v we write

2(U®U)IJKL =UIKVJL —UILVJK + UJLVIK — UJKVIL,

so that g+ @ g+ 1is the curvature tensor of constant sectional curvature +1.
Also, tensors on My are implicitly pulled back to My x R,

Proof. Set s = eY; then § = e (g+ — dy2) is a conformal multiple of a
product metric. Under a conformal change ¢ = e?Yh, the curvature tensor
transforms by

Rm(g) = e? [Rm(h) +2A ® h],

where A = —Viy + dy* — %|dy|%b h. For h = g, — dy* we have Rm(h) =
Rm(g4), Viy =0 and |dy|} = —1 so that A = £(g+ + dy?). Thus 2A ® h =
(g4 +dy?)® (g4 —dy?) = g4+ ® g, which gives the first equation. The second
and third equations follow by contraction. O

Proposition 4.7 shows in particular that g is flat if and only if g4 has
constant curvature —1, g is Ricci-flat if and only if Ric(g4) = —ng4, and
g is scalar-flat if and only if g4 has constant scalar curvature —n(n + 1).
Also, it is immediate from the equation for Rm(g) in Proposition 4.7 that
05 JRm(g) = 0; compare with Lemma 3.2 and the discussion before (6.1).

Proof of Theorem 4.5. Given M and g, Theorem 2.9 shows that there exists
an ambient metric in normal form relative to g, which by Propositions 3.3
and 3.4 can be taken to be straight. According to Proposition 4.6, the metric
g+ defined by (4.1) is even and in normal form relative to g, and (4.5) holds.
Proposition 4.7 shows that the Ricci curvature of g is constant to the correct
order, so that gy is a Poincaré metric for (M, [g]). This proves (A). Part (B)
follows similarly from part (B) of Theorem 2.9: every even Poincaré metric

g+ in normal form gives rise to a straight ambient metric in normal form by
(4.5). O

Thus for metrics in normal form, the formal asymptotics for Poincaré
metrics is entirely equivalent to that for straight ambient metrics under the
change of variable p = —%rz. In particular, via this change of variable one
can easily write down the analogues for g of (3.17), (3.18), (3.19), (3.21),
and Proposition 3.5. For future reference, we observe from (3.6) that for
n > 3, the expansion for a Poincaré metric g, = =2 (dr2 + gr) in normal
form begins

(9r)i = gij — Pijr® + ... (4.6)
(We have returned to our original notation of g, for the M-component of
2
r%94+-)
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There is a substantial literature concerning the asymptotics of Poincaré
metrics. See for example [GrH1] and [HSS] for direct analyses of the asymp-
totics up to order n in r from the Poincaré metric point of view, and [R] for
a study of the asymptotics in the context of general relativity.

As discussed in Chapter 3, Theorems 3.7, 3.9 and 3.10 describe all for-
mal expansions involving powers of p and log|p| of generalized ambient
metrics in normal form. Proposition 4.6 extends with the same proof to
the case of metrics with such expansions; the relations between the expan-
sions and regularity of g and g, are determined by the change of variable
p = —%7‘2. This gives the following result describing all formal expansions
g+ =12 (dr? + g,) solving Ric(g4) = —ng,.

Theorem 4.8. Let M be a smooth manifold of dimension n, and let g be a
smooth metric of signature (p,q) and h a smooth symmetric 2-tensor on M
such that g h;; = 0.

® Ifn =2 and if h satisfies h;;7 = —%R’Z—, then there exists an even
Poincaré metric in normal form relative to g, such that tf (8fgr|rzo) =
h. These conditions uniquely determine g, to infinite order at r = 0.
(The solution g, can be written explicitly; see Chapter 7.)

® [fn >3 is odd and if h satisfies hijyj = 0, then there exists a Poincaré
metric in normal form relative to g, such that tf (07 gr|r=0) = h. These
conditions uniquely determine g, to infinite order at v = 0, and the
solution satisfies try (07 gr|r=0) = 0.

® et n > 4 be even. There is a natural pseudo-Riemannian invariant
1-form D; so that if h satisfies hij? = D;, then there exists a metric
gy =172 (er —|—gr) satisfying go = g and Ric(gy) = —ng4 to infinite
order, such that g, has an expansion of the form

o0
gr~ Y g™ (™ logr)™
N=0

where each of the gﬁN) is a smooth family of symmetric 2-tensors on M
even inr, and tf (8?97(“0) |T:0) = h. These conditions uniquely determine

the gﬁN) to infinite order at v = 0. The solution g, is smooth (i.e., gSN)

vanishes to infinite order for N > 1) if and only if the obstruction tensor
O;; vanishes on M.

The 1-form D; is given by
—  (=2)7"/n)

D= P

where D; is the 1-form appearing in Theorem 3.10.
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As for ambient metrics, if g and h are real-analytic, then the formal series
for g, converges.

For n odd, the even solution given by Theorem 4.5 is the one determined
by Theorem 4.8 upon taking h = 0.

We close this chapter by describing an alternate interpretation of Poincaré
metrics in terms of projective geometry. This is motivated by the Klein model
of hyperbolic space, which is the metric

(1= Jaf?)7 S )2 + (1 o) (Y )

on the ball, whose geodesics are straight lines. Begin by recalling that two
torsion free connections V and V' on the tangent bundle of a manifold are
said to be projectively equivalent if they have the same geodesics up to
parametrization, and that this condition is equivalent to the requirement
that their difference tensor has the form v(iéj)k for some 1-form v on M.
Given a manifold with boundary NN, consider the class of metrics on N°
which near the boundary have the form h/p+ dp?/4p?, where p is a defining
function for the boundary and h is a symmetric 2-tensor which is smooth up
to the boundary and for which h|rgy is nondegenerate of signature (p, q).
It is easily checked that this class of metrics is independent of the choice of
defining function so is invariantly associated to N. It is also easily checked
that the conformal class of h|pgn is also independent of the choice of p, so
should be called the conformal infinity by analogy with the conformally com-
pact case. Elementary calculations show that if V denotes the Levi-Civita
connection of such a metric, then there is a connection V’ which is smooth up
to the boundary so that the difference tensor V — V' takes the form v(iéj)k
where v = —dp/p. (The equivalence class of v modulo smooth 1-forms is
independent of p.) Thus it makes sense to call such metrics projectively
compact; their geodesics are the same as those of a smooth connection up
to parametrization. In the projective formulation, a Poincaré metric is then
defined to be a projectively compact metric with prescribed conformal in-
finity and with constant Ricci curvature —n. The change of variable p = r?
transforms the class of projectively compact metrics to the class of even
asymptotically hyperbolic metrics. As the construction of Proposition 4.6
shows, the projectively compact metrics are more directly related to pre-
ambient metrics than are the asymptotically hyperbolic metrics. A defining
function p and the smooth structure on the space where the projectively
compact metrics live are induced directly from that on the ambient space
without the introduction of the square root.



Chapter Five

Self-dual Poincaré Metrics

In [LeB], LeBrun showed using twistor methods that if g is a real-analytic
metric on an oriented real-analytic 3-manifold M, then [g] is the conformal
infinity of a real-analytic self-dual Einstein metric on a deleted collar neigh-
borhood of M x {0} in M x [0, 00), uniquely determined up to real-analytic
diffeomorphism. As mentioned in [FG], LeBrun’s result can be proved as
an application of our formal theory of Poincaré metrics. In this chapter we
show that the corresponding formal power series statement is a consequence
of Theorem 4.8. The self-duality condition can be viewed as providing a con-
formally invariant specification of the formally undetermined term 92 g, |,—o.

Let M be an oriented 3-manifold. Give M x [0, c0) the induced orientation
determined by the requirement that (9,,e1, ea, e3) is positively oriented for
a positively oriented frame (e;,eq,e3) for T,M, p € M. Here, as above, r
denotes the coordinate in the [0, c0) factor. Throughout this chapter we will
use lowercase Greek indices to label objects on M X [0, 00), lowercase Latin
indices for objects on M, and a ‘0’ index for the [0, c0) factor.

Let g be a metric on M of signature (p,q) and let g, = r=2 (dr? + g,)
be an asymptotically hyperbolic metric on M in normal form relative to g,
where M, is an open neighborhood of M x {0} in M x[0, 00). Set g = dr?+g,.
We denote by p the volume form of g, on M (the dependence on r is to be
understood), and by 7 the volume form of g. In terms of a positively oriented
coordinate system on M, these are given by ju;jx = fig;;, = /| det g;| €k,
where ¢;5, denotes the sign of the permutation. We use g to raise and lower
Greek indices and g, to raise and lower Latin indices.

The metric g and the orientation determine a Hodge * operator on A%(M)
which is conformally invariant so agrees with the x operator for g;. This
induces an operator * : W — W, where W C ®@*T*M, denotes the bundle
of algebraic Weyl tensors; i.e., 4-tensors with curvature tensor symmetry
which are trace-free with respect to g (or equivalently gi). If Wapys is a
section of W, then

(W)aprs = 5 Fap” Woors- (5.1)
One has *? = (—1)?. We assume throughout the rest of this chapter that ¢
is even (i.e., ¢ = 0 or ¢ = 2) so that *> = 1. Then W = W & W~, where
W= denote the +1 eigenspaces of *.
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We will use an alternate description of the bundles W*. For (p,r) € M, C
M x R, define a map s : W, ,) — ®2T;M by
S(W)” = WOin-
Observe that s(WV) is trace-free with respect to g, since W is trace-free with
respect to g:
0= 3 Woaos = (9)" Woioj + Woooo = (gr)7s(W ).
We denote by ®3T*M the bundle on M, whose fiber at (p,r) consists of
the symmetric 2-tensors in the M factor which are trace-free with respect to
gr(p)- No confusion should arise with this notation since this bundle restricts
to M C M, to the bundle for which this notation is usually used, and the

context will make clear whether the bundle is considered as defined on M
or M.

Lemma 5.1. sl : WE — O2T*M s a bundle isomorphism. (Here s is
restricted to either the bundle WT or W™.)

Proof. Since the bundles W+ and ©2T*M all have rank 5, it suffices to show
that s|yy+ is injective. If W € W, then

0 =9 Waigj = ()" Wity + Woso;-
So if s(W) = 0, then (gr)"”'lWWj = 0. But then Wy, is a trace-free tensor

in 3 dimensions with curvature tensor symmetry, so Wy;; = 0.
If also W € W%, then (5.1) gives
Wojki = £5710;”" Woaki-
The terms all vanish for which p or ¢ is 0, and the terms vanish in which
neither p nor o is 0 since W;;z; = 0. Thus all components Wy, = 0. This
accounts for all possible nonzero components of W, so W = 0 and s|yy+ is
injective. O

We use Lemma 5.1 to represent sections of W= as one-parameter families
— —+
of tensors on M. Let W denote the Weyl tensor of g and W™ its + self-dual

parts. Then for either choice of +, s(Wi) can be regarded as a one-parameter
family parametrized by r of sections of the fixed bundle ®27*M on M. Thus
it makes sense to differentiate this family with respect to r. The following

proposition gives an expression for the first derivative of s(/W ) in terms of
derivatives of g,.. We use ’ to denote differentiation with respect to r and we
sometimes suppress the subscript r on g,.

Proposition 5.2. Let g, be a one-parameter family of metrics on M satis-
fying g. =0 at r =0, and let g = dr® + g,. Then at r = 0 we have
—
s(W™)i; = —gtf(g)]) + ivzgg(iﬂj)kl-

On the right-hand side, tf, V and p are with respect to the initial metric go.
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We remark that the star operator on 2-forms on M with respect to g is
given by (x1); = 31"k Thus the last term above can be interpreted as a
multiple of Sym *dg”, where d acts on g” as a 1-form-valued 1-form, * acts
on the 2-form indices generated by d, and Sym symmetrizes over the two
indices of xdg”.

Proof. Specializing the indices in
W apys = Rogys — (Pavgﬁé - Fm@m — PgyGos + ﬁﬁé?a’y) (5.2)
and using the form of g gives
Woio; = Roioj — (POOQij +?ij) .
But we know that the left-hand side is trace-free in 45 with respect to g, so

taking the trace-free part with respect to g, and recalling the definition of
P gives

Woioj = tf (Roioj — 3Rij) -
Now Rij = g’ Raip; = Roioj + 9" Rikji, giving
Woioj = 5 tf (Roioj — gklﬁikﬂ) . (5.3)
Next, (5.1) gives (xW)oi0; = 570" W pe0; = 5Hoi" W kio;- Specializing (5.2)
again, substituting, and simplifying gives easily
(W )oio; = %ﬁo¢kl (EOjkl - R(Jkgjz) .
However, Jio;*' Roxgji = Ho;" j Rok is skew in ij and (W )g;0; is symmetric in
ij, SO we can symmetrize to obtain
(+W)oioj = 3o Byyoir- (5.4)

Now it is straightforward to calculate the curvature tensor of g = dr? +
gr; one obtains the curvature tensor of a product metric plus extra terms
involving r-derivatives of g,. The result (cf. Gauss-Codazzi equations) is

Rijri = Rijra + 5 (909)k — 9ix951) »
Rojr = 5 (Vigir — Vadi) »
_ 1 1 rs I 1
Roioj = =5 9i; + 19" 9ir 95>
where Rjji,; and V are with respect to g, as a metric on M with r fixed.
Substituting into (5.3) and (5.4) gives

Woioj = =3 tf (g1 + 2Ri; — 9" g1u9i;)
(W)oios = 5 Vigratp™-

Now differentiate these equations with respect to r at r = 0. Since ¢’ = 0 at
r = 0, it follows that raising indices, taking the trace-free part and applying
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V all commute with the differentiation. Similarly, the derivatives of R;; and
jx1 vanish at 7 = 0. Thus we have at r =0

=
Woioj = —gtf (9;;’) ;
(*W)é)in = %Vlgg(z‘ﬂj)kl-
Adding and subtracting yields the stated formula. O
On an oriented pseudo-Riemannian 3-manifold of (arbitrary) signature

(p, q), the Cotton tensor Cj; can be reinterpreted as a trace-free symmetric
2-tensor. Define

Cij = i Cjp-
We sometimes write C(g) to indicate the underlying metric. The fact that
Cljry = 0 implies that C;; is trace-free:
97Cij = W Cir =0,
and the fact that Cj; is trace-free implies that C;; is symmetric:
pmCy = p I M Cy = (—1)7 (g7 g™ — g7l g™*) Cir = 0.

The fact that Cjkl}j = 0 implies that Cij,j =0.

We will say that a Poincaré metric g4 is a £ self-dual Poincaré metric

if W¥(g4) vanishes to infinite order. The main result of this chapter is the
following theorem.

Theorem 5.3. Let g be a smooth metric of signature (p,q) on a manifold
M of dimension 3, with q even.

(1) A Poincaré metric g, = r—?2 (dr2 +gT) in normal form relative to g
s a £ self-dual Poincaré metric if and only if

(929,) lr=o0 = £2C(g). (5.5)

(2) There exists a £ self-dual Poincaré metric g4 in normal form relative
to g, and such a g1 is uniquely determined to infinite order.

Proof. If g4 is a Poincaré metric in normal form relative to g, then Theo-
rem 4.8 shows that g,”'|,—¢ is trace-free and (4.6) shows that g/’|,—o = —2F;;.
Thus Proposition 5.2 shows that at » = 0 we have
=T
s(W)iy = =595 £ 5ViPaamy™
= —595) £ 11" Copm (5.6)

— 1 _m 10 .
= —59;; £ 7Cij-
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This must vanish if W vanishes to infinite order, which establishes the
necessity of (5.5).

For the converse, we must show that W vanishes to infinite order if
(5.5) holds. For this we use the fact that W¥(g;) satisfies a first order
equation as a consequence of the Bianchi identity and the fact that g is
Einstein. The contracted second Bianchi identity in dimension 4 can be writ-
ten V¥W,gys = —Cjsys. The Cotton tensor vanishes for Einstein metrics, so
it follows that V¥Wygys = O(r™), where W, V and index raising are with
respect to g;. Now rewrite V¢W,g,s in terms of V and W. The connections
of g4 and g are related by

T3, (94) = T3,(@) = —r " (rpd®y +7,0% — §°AGs,) -
Using this to transform the covariant derivative shows that
VO‘Waﬁﬂﬂg =r? WaWan + 7”7‘01VVQ5A/57

where on the right-hand side the index is raised using g. Now substitute

Wagys = T_QWagws to conclude that
Tvawalgws - TaWagAﬂ; = O(Too).

Since V commutes with #, this equation also holds for W . Using 7 = §%,
we therefore obtain

PV W g5 — Wogys = O(r™). (5.7)

Suppose we know that W= = O(r®) for some s. Write W' =V and
substitute into (5.7). One obtains (s — 1)r*Vygys + O(r*T!) = O(r™). So if
s # 1, then Vhgys = 0 at r = 0. Taking Svd = i0j shows that s(V) = 0 at
r = 0, which implies V' = 0 at r = 0 by Lemma 5.1. Thus one concludes that
W' =0(@r+1)if s # 1.

We use this observation inductively. Begin with s = 0 to conclude that
W= O(r) for any Poincaré metric in normal form. If also (5.5) holds, then
(5.6) shows that s(W ') =0 at r = 0, which gives W' = O(r?). Now the
induction proceeds to all higher orders and one concludes that W= O(r*)
as desired.

Part (2) is an immediate consequence of (1) and Theorem 4.8. For any met-
ric g on M, the tensor C(g) is trace-free and divergence-free. Take h = £2C(g)
in Theorem 4.8 to conclude the existence of a Poincaré metric in normal form
relative to g which satisfies (5.5). Part (1) implies that this Poincaré metric
is %+ self-dual to infinite order. Uniqueness follows from the necessity of (5.5)
in (1) together with the uniqueness statement in Theorem 4.8. O

It follows by putting metrics into normal form that two self-dual Poincaré
metrics with the same conformal infinity agree up to diffeomorphism and up
to terms vanishing to infinite order.
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If g in Theorem 5.3 is real-analytic, then C(g) is also real-analytic, so
the series for g, converges as mentioned earlier. Thus one recovers LeBrun’s
result.

We remark that for definite signature, one can prove a version of part (1)
of Theorem 5.3 concluding + self-duality in an open set near the boundary
for metrics which are Einstein in an open set and which satisfy (5.5). This
is stated as Theorem 3 of [Gr2].



Chapter Six

Conformal Curvature Tensors

In this chapter we study conformal curvature tensors of a pseudo-Riemannian
metric g. These are defined in terms of the covariant derivatives of the cur-
vature tensor of an ambient metric in normal form relative to g. Their trans-
formation laws under conformal change are given in terms of the action of
a subgroup of the conformal group O(p + 1,¢ + 1) on tensors. We assume
throughout this chapter that n > 3.

Let g be a metric on a manifold M. By Theorem 2.9, there is an ambient
metric in normal form relative to g, which by Proposition 2.6 we may take
to be straight. Such a metric takes the form (3.14) on a neighborhood of
Ry x M x {0} in Ry x M x R. Equations (3.17) determine the 1-parameter
family of metrics g;;(z, p) on M in terms of the initial metric to infinite order

for n odd and modulo O(p™/?) for n even, except that also gijag/zgiﬂpzo
is determined for n even. Each of the determined Taylor coefficients is a
natural invariant of the initial metric g.

We consider the curvature tensor and its covariant derivatives for such an
ambient metric g. In general, we denote the curvature tensor of a pre-ambient
metric by R, with components Ry k. Its r-th covariant derivative will be
denoted E(T), with components E%)K LM, -0, - Sometimes the superscript

(") will be omitted when the list of indices makes clear the value of r. Using
(3.15), it is straightforward to calculate the curvature tensor of a metric of
the form (3.14). One finds that EUKO = 0 (another derivation of this is
given in Proposition 6.1) and that the other components are given by

~ 1 p
Riju = t2 [Rijkl + i(gilg;‘k + gikgi — GikGy — 9i19ix) + §(g§kg§l — 9u9ix)

1
Roojr = 5752 (Vigir — Vigjl]

~ 1 1
Roojkoo = §t2 |:g;/k - §gpqg‘;pg;cq

(6.1)
Here ’ denotes 0,, R;jxi denotes the curvature tensor of the metric g;;(z, p)
with p fixed, and V its Levi-Civita connection. Components of the ambient
covariant derivatives of curvature can then be calculated recursively starting
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with these formulae and using (3.16).

Fix a straight ambient metric g in normal form relative to g. We construct
tensors on M from the covariant derivatives of curvature of g as follows.
Choose an order r > 0 of covariant differentiation. Divide the set of symbols
IJKLM; --- M, into three disjoint subsets labeled Sy, Sy and Sy. Set the
indices in Sy equal to 0, those in S, equal to oo, and let those in Sy
correspond to M in the decomposition Ry x M x R. (In local coordinates,
the indices in Sys vary between 1 and n.) Evaluate the resulting component
}’%[JKL’MI...]V[T at p = 0 and t = 1. This defines a tensor on M which we
denote by ﬁg;) Sar.So. - (Recall that the submanifold {p =0, ¢ =1} of Ry x
M x R can be invariantly described as the image of g viewed as a section of
g, B

Consider for example the case r = 0. Since Ryjxo = 0 as noted above,
we must choose Sy = ) in order to get something nonzero. If We choose also

Soo = 0 so that Sy = {IJKL}, then the resulting tensor R can
be determined by setting p = 0 and ¢ = 1 in the first line of (6 1) Recall
from (3.6), (3.7) that g”|p:0 = 2P;;. This gives ”kl\pzo =t Wijki, so in
this case the tensor RS S5 1s the Weyl tensor of g. Similarly one finds

that Roojkl|p:0,t:1 = Cjy; is the Cotton tensor of g. The tensors for all
other possibilities for the subsets Sp, Sar, Soo are determined from these
and from R.ojre by the usual symmetries of the curvature tensor. Now
]:Eooj;wo is given by the last line of (6.1). When n = 4, the trace-free part
of gJy|p=0 depends on the specific ambient metric which has been chosen

and is not determined solely by g, so the same holds for Eoojk;oo. However,
when n # 4, one finds using the first line of (3.18) and the last line of (6.1)

that Roojkoo|p=0,t=1 = —(n—4) "' Bjx. Thus the conformal curvature tensors
which arise for r = 0 are precisely the Weyl, Cotton, and Bach tensors of g:
B,

Rijrilp=0,=1 = Wijki,  Roojkilp=0,t=1 = Cjri, Roojkool|p=0,1=1 = T
(6.2)
Iterated covariant derivatives of R can be calculated recursively using
(3.16). For example, one obtains
Rijkimlp=0,t=1 = Vijkim, Recjkt,mlp=0,t=1 = Yikim.,
where
Vijkim = Wijkim + 9imCikt — 9imCikt + gkmCrij — 9imCrij
Yikim = Ciktm — P Wiji + (0 — 4) " (gemBji — qim Bjk),

and we assume that n # 4 for }NBoojkLm.
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The usual identities satisfied by covariant derivatives of curvature imply
identities and relations amongst the conformal curvature tensors. For exam-
ple, we conclude that

Vijkim = Viig)klm Vigkgm =0 Vijkim) =0

Yikim = Yjppgm Yiikgm =0 Yjpum) = 0.
The differentiated Ricci identity for commuting ambient covariant deriva-
tives gives relations involving the conformal curvature tensors. The asymp-
totic Ricci-flatness of the ambient metric gives relations amongst different
conformal curvature tensors about which we will be more precise shortly. The
covariant derivatives of ambient curvature also satisfy extra identities involv-

ing the infinitesimal dilation T arising from the homogeneity and straightness
conditions, as follows.

Proposition 6.1. The covariant derivatives of the curvature tensor of a
straight pre-ambient metric g satisfy

Lp — L _ .
(1) T*Rrygr -, = =21 By jpens, vy 3070,

(2) TPEIJKL,Ml---MSPMSJrl---MT =

~ . ~
_(3+2)RIJKL,M1~~M7~ _Zt:s+1 R[']KL7M1...MSMtMS_H..A]\Z..AMT .

Condition (1) in the case r = 0 is interpreted as the statement TLEIJKL =0,

or equivalently El Jk0 = 0, mentioned above. Note also that the case s =r
in (2) reduces to

TPEIJKL,Ml»--M,.P =—(r+ Q)EIJKL,MI---M,.~ (6.4)

Proof. Differentiating the identity TK,I = 6% shows that TKJJ = (. Com-
muting the derivatives shows that T’ LEI sk = 0. Now differentiating this
relation successively and using again TL7 = 6Ly proves (1).

The identity (2) can be proved as a consequence of (1) by commuting the
contracted index to the left using the differentiated Ricci identity and then
applying the second Bianchi identity and (1). It can alternately be derived
directly as follows. Recall the general formula for the Lie derivative of a
covariant tensor U in terms of a torsion-free connection:

(LxU)ij = X Usjp + X* Ui+ + XF Ui (6.5)
From the fact that L7g = 29, it follows that LrR™ =2R™ for all r. Using

this and 7! ; = 67 ; in (6.5), one concludes (6.4). Replacing r by s in (6.4)
and differentiating r — s more times using again 77 ; = 67 gives (2). O

Recall that 7! = t67. So a consequence of Proposition 6.1 is that ¢ times
a component of a tensor R+ with a 0 index can be expressed as a sum
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of components of R with the 0 index removed and with the remaining
indices permuted. This implies a corresponding statement relating tensors
Rg‘f;il s and R‘(Sré)’ s,.51, On M.

When n is odd, for any choice of r and Sy, Sys, Seo, the tensor ég} Sar.Seo
depends only on g and each such tensor is a natural tensor invariant of g.
However, as we have seen in the examples above, when n is even some of
these tensors may depend on the specific chosen ambient metric and not just

on g. The next result gives precise conditions for this not to happen.

Proposition 6.2. Denote by sg, Spr, Seo the cardinalities of the sets Sy, Sy,
Soo. Suppose n is even and sy + 2500 < n + 1. Then the tensor R‘(STO),SM,SOC
1s independent of the specific ambient metric which has been chosen and is

a natural tensor invariant of g.

Proof. Consider a component EI JKL,M;---M, for a straight ambient metric
g in normal form relative to g. Let sg, Spr, Seo denote the number of 0’s,
indices corresponding to M, and oo’s, resp., in the list IJK LM --- M,. We
will prove by induction on r the following statement: all components of R™)
satisfy that R;jxr, a,...m, mod O(p(””’SM*%OO)/z) is independent of the
O(p"/?) ambiguity of the component gij(x, p) of g. Proposition 6.2 follows
from this upon restricting to p = 0 and using the fact that the Taylor
coefficients of g;;(z, p) of order < n/2 are natural tensor invariants of g.

We observe first that it suffices to assume that the power of p in our
inductive statement satisfies (n + 2 — sy — 2500)/2 < n/2 — 1. Otherwise
SM + 250 < 3, which implies that at most 3 of the indices IJK LM, --- M,
are not equal to 0. Such a component R;jxr, a,-..m, vanishes identically by
Proposition 6.1.

Now proceed with the induction. The case r = 0 follows easily from (6.1)
and EIJKO = 0. For the inductive step, consider R[JKL,Ml...MTP. If P=0,
the fact that the ambiguity of this component is no worse than that of
Rrjxr.,.m, follows immediately from (6.4). For P # 0, write

_ _ =
Rijkro,m--m.p =0pRryxr . --M, — UipRATKL M- M,

— ... FJI?/[TPRIJKL,JVA---A-
If P # oo, then the ambiguity in the first term on the right-hand side
vanishes to the same order as that in Ryjxr, a,..-a,., while if P = oo, then
it vanishes to one order less. Thus the required vanishing for the first term
follows from the inductive hypothesis. Consider next the second term. The
Christoffel symbols are given by (3.16). They have their own ambiguity of at
most O(p(™/271)) owing to the O(p"/?) ambiguity in g;;(z, p). But since by
the observation above we can assume that (n+2—sy—2s4)/2 < n/2—1, we
can neglect the ambiguity in the Christoffel symbols. Consider the ambiguity
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in the second term arising from the ambiguity in EAJKLMI.HMT. If P = o0,
then we need to show that the order of vanishing of this ambiguity is at
most 1 less than that of Rrrxr ar ..., . But this is clear from the inductive
hypothesis without even considering the Christoffel symbol since these two
components of R(") have at most one different index and the change in
ambiguity from changing one index is at most 1. If P = p is between 1
and n, we need to show that the order of vanishing of the ambiguity in
F}quAJKLle..AJ\/[T is at most % less than that of Ry, ay..-a, - This is clear
by the same reasoning as in the case P = oo unless I = 0 and A = co. But
(3.16) shows that I'§y = 0, so that the inductive statement holds in this case
also. The same reasoning as for the second term applies to the remaining
terms on the right-hand side above. O

The weighting which appears in Proposition 6.2 suggests the following
definition.

Definition 6.3. We define the strength of lists of indices in R"*2 as follows.
Set ||0]] = 0, |li]] = 1 for 1 < ¢ < n, and |joo|| = 2. For a list, write
1T =1+

Proposition 6.2 thus asserts that for n even, the component EUKL,Mli..MT
is well-defined at p = 0 independent of the choice of ambient metric so long
as |[[JKLMy---M,.|| <n+1.

Next we consider the trace-free condition imposed by the asymptotic Ricci-
flatness of ambient metrics.

Proposition 6.4. If n is odd, the covariant derivatives of curvature of a
straight ambient metric in normal form relative to g satisfy at p =0

gIKE[JKLyMl...MT =0. (66)
If n is even, the same result holds assuming that ||JLMy -+ M, || <n — 1.
Proof. The result is clear for n odd since the Ricci curvature of g vanishes

to infinite order. For n even we prove by induction on r the statement that

TERiskraty o, = O(p I EM M /2)

for all components JLM; - - - M,.. The desired result then follows upon setting
p=0. _

The case r = 0 of the induction is a consequence of the fact that R;; =
0%, (p™/*71). For the induction, write

KT KT
9 Rrykpvm, = (0" Rrggo, My M,_1 )M,
K T4 ~IK D
=0, (" Rrgxp,myme ) = Ugae, 9 " Rrakn, vy M,

TA ~IK >
_"'_FMr—erg R[JKL,Ml.A.A.
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The bound on the first term on the right-hand side follows from the induction
hypothesis and the effect of differentiation on the order of vanishing. The
bound on the remaining terms is easily seen to be a consequence of the
induction hypothesis and the fact that '} ;- = 0 for ||| > ||J|| + || K|, which
follows from (3.16). O

When the trace in (6.6) is written out in terms of components, the resulting
identity can be interpreted as expressing a trace with respect to g of a
conformal curvature tensor Eg:]) St S in terms of other conformal curvature
tensors.

Suppose now we choose a conformally related metric § = €Y g. By Propo-
sition 2.8, an ambient metric in normal form for g can be put into normal
form for g by a unique homogeneous diffeomorphism which restricts to the
identity on G. By calculating on G the Jacobian of this diffeomorphism and
using the fact that the ambient curvature tensors are tensors, we will be able
to compute the transformation laws of the conformal curvature tensors under
conformal change. We denote the coordinates relatlve to g by (,Z, p) and the

conformal curvature tensors for g by RESO) SuriSe = RI JKL MM, |5 5=0,T=1"

Proposition 6.5. Let g and § = e*Tg be conformally related metrics on
M. Let IJK LM --- M, be a list of indices, sg of which are 0, sp; of which
correspond to M, and s, of which are co. If n is even, assume that sp; +
2500 < n + 1. Then the conformal curvature tensors satisfy the conformal
transformation law

EIJKL,M1~-~MT|,7=07Z‘=1 = 62(1_S°O)TEABCD,F1~-FT‘p:O,t:lpAI e ']OFTMT7
(6.7)
where pA; is the matriz
1 7, —%Tk’f’“
pr=|0 5% -1 |. (6.8)

0 0 1

We make several observations and explanations before giving the proof.
For each division of IJK LM; --- M, into subsets Sy, Sas, and S, the iden-
tity (6.7) is a relation amongst tensors on M. If Y is constant, then p; = 67
and (6.7) just tells how Ego) Su.S., Scales. Because of the upper-triangular
form of the matrix p4;, in the general case the other terms on the right-
hand side all involve “earlier” conformal curvature tensors in the sense that
each ‘¢’ can be replaced only by 0 and each co only by an ‘4’ or a 0. The
conformal transformation law of a conformal curvature tensor involves only
other conformal curvature tensors and first derivatives of T.
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Consider the case r = 0. If we take sg, Soo = 0, then Eij;gﬂﬁ:ojzl = Wijkl
is the Weyl tensor of g, and since ﬁl k0 = 0, it follows that (6.7) reproduces
the conformal invariance Wijkl = ezTWijkl of the Weyl tensor. Taking I = oo
reproduces the transformation law @-kl = Cju — TiWijkl of the Cotton
tensor, and taking I, L = oo gives for n # 4 the transformation law

By = 7 (Bji + (n—4) [T(Cjra + Ciezt) = Y'Y Wini])
of the Bach tensor. For n = 4 we have already noted the conformal invariance
of the Bach tensor in its appearance as the obstruction tensor.

The conformal transformation law (6.7) is one of the most important fea-
tures of the conformal curvature tensors and makes evident the importance
of their interpretation as components of tensors on the ambient space. Since
the conformal curvature tensors clearly vanish if g is flat, one consequence
of (6.7) is that they also vanish if g is locally conformally flat. This is not a
priori obvious since they are not individually conformally invariant. We will
remove the restriction sp; +2s., < n—+1 from this observation in even dimen-
sions in Chapter 7. Collections of tensors on M which transform conformally
according to rules of the form (6.7) define sections of weighted tensor powers
of the cotractor bundle associated to the conformal structure. See [BEGo],
[Gol] for development of this point of view, and [éG], [BrG], [AL] for dis-
cussion of the relation between tractors and the ambient construction. Note
that for each x € M, the matrix p”;(x) is in the orthogonal group of the
quadratic form

0 0 1
0 gij(x) 0
1 0 0

Proof of Proposition 6.5. Let g be a straight ambient metric in normal form
relative to g. The metric g is defined on a neighborhood of G x {0} in G x R.
If we use the trivialization induced by g to identify G with Ry x M, then g
takes the form (3.14). According to Proposition 2.8, we can put g in normal
form relative to g by a unique homogeneous diffeomorphism ¢ defined on a
neighborhood of G x {0} which restricts to the identity on G. If on the g side
we identify G with R x M using the trivialization induced by g, then ¢*g will
take the form (3.14) in coordinates (%, Z, p). The trivializations are related by
(2.1). Therefore we deduce the existence of a homogeneous diffeomorphism
Y(t,%,p) = (t,z,p) on a homogeneous neighborhood of Ry x M x {0} into
R, x M x R with the properties that /§\ := ¢*g takes the form (3.14) in
(i,7.7) and
U (t,7,0) = (e, 7,0).

Now differentiation of this relation determines the derivatives of the com-

ponents of ¢ at p = 0 in the ¢ and Z directions. The derivatives in the p
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direction are determined from these and from the requirement that ¢*g =
2tdtdp + 12G;;dz*da7 at p = 0. This gives

e Y, —%fe‘TTka

W) =0 =| 0 0% —e~2Ye
0 0 e 2T
Observe that this may be factored as
V'|5=0 = dipdsz, (6.9)
where p is given by (6.8) and
te¥ 0 0 0 0
di=1 0 Id 0 d=|0 Id 0 . (6.10)
0 0 1 0 0 e2Y

Each curvature component R IJKL,M, M, is homogeneous with respect to
the dilations. Since §%g = s2g, it follows that for the full tensors we have
5;‘]%“ = s2R(™. Since 9, is homogeneous of degree —1 and 8, and J,: are
of degree 0, we deduce that the component é; JKL,M,.--M, is homogeneous
of degree 2 — sg. Therefore

2750

EIJKL,Ml---MT\p:o,?Zl = el )TEIJKL,Ml---MT|5:0,f:e4. (6.11)

Since the covariant derivatives of curvature are tensorial, we have

~

EIJKL,MlmMT = RABCD,FlmFT o (Z/JI)AI s (W)FTM,~

Evaluate both sides at p =0, = e~ ' and use (6.9) to obtain

3 50—2500)Y D A F,
Rijxp,my M| 5= 7=e-1 = 02T Ry pop Fy ok p=0, t=107 1 - DT

When combined with (6.11), this gives (6.7).

This argument is valid for all components of ambient curvature whether n
is even or odd. However, when n is even, the components with sp; + 25, >
n+ 1 generally depend on the ambient metric which has been chosen. To en-
sure that the component depends only on g as formulated in Proposition 6.5,
we take sy; + 25,0 < n + 1 and use Proposition 6.2. [l

If nis even and |[[JKLM;---M,|| > n + 2, then the restriction of
Rijkrp,m--m, to p = 0 in general does depend on the choice of ambient
metric. The component Ra;joo, c0...00 1S an important example. The next

N~
n/2-2

proposition, which we will use in Chapter 7, makes explicit this dependence.

Proposition 6.6. Let n > 4 be even. There is a natural trace-free symmetric
2-tensor K;; depending on a pseudo-Riemannian metric g, with the following
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properties. Let gry be an ambient metric in normal form relative to g, and
write gi; = t2gi;(z,p). Then K;j can be expressed algebraically in terms of
the tensors g'|,—o and 9)'gij|p=0, 0 < m < n/2—1, and one has

2§ooijoo, oo...oo‘p:OJf:l = tf (ag/QgijLo:O) + sz (612)

n/2-2

Proof. First suppose that g is straight. An easy induction beginning with
the last line of (6.1) and using (3.16) shows that for m > 0,

2t7% Rocijoo, so...00 = O 2015 + Pi(;rb) (9™, gkt Op gty - - 00 gie) . (6.13)

m

where Pfjm ) is a tensor depending polynomially on the indicated arguments.
Define

K;; =tf (ng/2_2)|p:0) .

Using (3.2), we have

-2 i ~1] 5 D
t g”Rooijoo,oo...oo = RooIJoo,oo...oo = 7Roooo,oo“.oo-
N~ N~ N~

m m m

Since }NEIJ = O(p"/2_1), it follows that ffooijoo’ 0o...00| p=0,¢=1 s trace-free for
——

m < n/2 — 2. So restricting (6.13) with m =n/2—-2to p=0,¢t =1 and
taking the trace-free part gives the desired conclusion.

It is not hard to check using (3.2) and (3.3) that the last line of (6.1) and
(6.13) are also valid even if g is not assumed to be straight, so that the same
proof is valid in the general case. The gog and gg; components simply do not
enter into any of the expressions which occur. O

Evaluating the last line of (6.1) using (3.6) shows that K;; = —2tf (Pikij)
for n = 4.

The discussion in the rest of this chapter concerns the dimension depen-
dence of certain 2-tensors. Consider partial contractions C' of the form

peontr (V'R®---®@ V'*R) or peontr(V'R® - V'*R® g)

of the covariant derivatives of the curvature tensor of a metric g and possibly
also g itself, in which 2 indices remain uncontracted. For partial contractions
of the second type, we require that the uncontracted indices are the indices
on g. Either type of partial contraction may be viewed formally as a choice of
non-negative integers r1,- - , 7, a pairing of the contracted indices, and an
ordering of the uncontracted indices. Consider also formal linear combina-
tions £ = Zf\il fi(d)C; of such formal partial contractions whose coefficients
fi(d) are rational functions of a single variable d. Any such formal linear
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combination £ defines a natural 2-tensor Eval;—, £ in any dimension n > 3
which is a regular point for all the coefficients f; by evaluation on metrics in
dimension n. One can also define the residue of £ at any dimension n > 3 to
be the natural 2-tensor in dimension n given by

M

Resg—n & = Z(Resd:n fi) Evalg—,, C;.

i=1
By considering the product of a metric in a given dimension with flat metrics,
it can be seen that if £ satisfies that for some ng, Evaly—,, £ = 0 for all n > ny,
then Resgy—,, £ = 0 for all n. Thus the residue at any dimension is independent
of the way a given dimension-dependent family of natural tensors is written
formally.

The construction of the ambient metric in Chapter 3 shows that for each
m > 1, there is a formal linear combination &, as above such that if n is odd
or if n is even and m < n/2, then for a straight ambient metric in dimension
n in normal form relative to g, one has 8;”gij|p:0 = Evaly—, &,,. For m > 0,

the curvature component Roo;joo, OOm<>o|p:07t:1 can be so written as well for
——

n odd or for n even and m < n/2— 277 Fix an even integer n > 4 and consider
Resg—n Eooijoo’ co...00| p=0,¢4=1. As noted above, the residue is independent of
the choice of formal expression, so this notation is justified. For n = 4 we
have Rogijoo|p=04=1 = —(d — 4)7'B;; from (6.2). Thus Rocijoo|p=0,4=1 has
a simple pole at d = 4 with residue the negative of the Bach tensor. The
following proposition generalizes this fact to higher n.

Proposition 6.7. Let n > 4 be an even integer. Eooijoo,oo..,oo|p:0,t:l has a
——

n/2—2
simple pole at d = n with residue given by

ReSden Rooijoo. co...00|peo.m1 = (—1)7/271 [2”/2*2 n/2 — 2 !} 0.

d joo, 00...00| p=0,t=1 = (—1) (n/ ) j
n/2-2

Proof. Write g;; = t2gi;(z, p). The derivatives angij\ p—=0 are all regular in d

at d =n for 0 < m < n/2 —1, so the argument of Proposition 6.6 shows

that

Resd:n Eooijoo, 00...00 ‘p:O,t:l = % Resd:n tf (8;1/29m ‘p:O) . (614)
n/2—2
For d > n, tf (8Z/Qgij|p:0) is determined by replacing n by d in the first

line of (3.17), setting the right-hand side equal to 0, applying 8;1/2_1|p:0,
and taking the trace-free part. At p = 0 one has

0/ [pgly — (4/2 - )gly] = hn — )3} %,
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For the remaining terms in the right-hand side of the first line of (3.17), set

Ty =t |03/ (=pg™ ghugly + 109" 9hugl; — 39" 9195 + Ri) lo=o|
Then T;; is expressible in terms of the a;,"gij|p:0 for m < n/2 —1, so is
regular at d = n. Differentiation of (3.17) as indicated above thus gives

%( )tf( gl]'p 0)+T2]—0 SO

1 Resg—p tf (6;L/29ij|p:0) = Tijla=n- (6.15)

On the other hand, the obstruction tensor O;; in dimension n is obtained
by setting Ri; = ¢, (20)"/210;; mod O(p"™/?) in the first line of (3.17)
(without changing n to d), applying 62/ 271| p—0, and taking the trace-free
part. This gives

ey 1227 (/2 — DOy = Tijlamn.
Combining with (6.15) and (6.14) gives the result. O

Thus (d—n)ﬁooijoo’ oo...00| p=0,¢=1 i & natural trace-free symmetric 2-tensor

~—

n/2—2
depending on d regular also at d = n which equals a multiple of the obstruc-
tion tensor for d = n. Of course, there are many other such tensors; one can
add t0 Ragijoo, so...o0|p=0,t=1 any tensor regular at d = n. For example, one

~—~—
n/2—2

can replace ROOUOO 0...00| p=0,¢=1 DY 7tf (8 n/2 Gijlp= 0) the relation (6.12)

/

n/2—2
holds also as dimension-dependent natural tensors in dimensions d which
are odd or which are even and > n, with Kj;; regular also at d = n. A main
advantage of the choice Ruoijoo, 0o...00|p=0t=1 15 that its transformation law
/
n/2—2
under conformal change is known and relatively simple, being given by (6.7)
for d odd or d > n even. B
One can also consider the continuation of Rocijoo, so...00]p=0,t=1 1O even
/
n/2—-2

values of d < n. In general, the pole is not simple and its order increases
with n — d.



Chapter Seven

Conformally Flat and Conformally Einstein Spaces

If n is odd, an ambient metric in normal form is uniquely determined to infi-
nite order by (M, g). Theorem 3.9 shows that within the family of all formal
solutions, this one is distinguished by the vanishing of the p"/2 coefficient, or
equivalently by the condition that it be smooth. In the Poincaré realization,
the corresponding condition is that the expansion have no 7™ term, or equiv-
alently that it be even. The fact that there is such a normalization giving
rise to a unique diffeomorphism class of ambient metrics associated to the
conformal manifold (M, [g]) is crucial for the applications to jet isomorphism
and invariant theory in Chapters 8 and 9.

When n is even, the situation is different primarily because of the existence
of the obstruction tensor, which gives rise to the log terms in the infinite order
expansions determined in Theorem 3.10. But even for conformal classes with
vanishing obstruction tensor, for which all formal solutions are smooth, the
coefficient of p"/? is undetermined, so there is not a unique solution. One can
impose the condition that g be straight; this removes some of the freedom,
but there is no apparent analog of the odd-dimensional normalization.

In this chapter we discuss two families of special conformal classes for
which there is a natural conformally invariant normalization in even dimen-
sions giving rise to a unique diffeomorphism class of infinite order formal
expansions for an ambient (or Poincaré) metric. These are the locally confor-
mally flat conformal classes and the conformal classes containing an Einstein
metric.

Consider first the case of a locally conformally flat manifold (M, [g]). This
means that in a neighborhood of any point of M, there is a flat metric, say ~,
in the conformal class. Now (6.1) implies that the metric 2pdt? +2tdtdp+t37,
with v independent of p, is flat. If n is odd, this implies that every ambient
metric is flat to infinite order, since the ambient metric is unique to infinite
order up to diffeomorphism and the condition that g is flat is invariant
under diffeomorphism. If n > 4 is even, the condition that g be flat to
infinite order uniquely determines g to infinite order up to diffeomorphism.
This follows from Theorem 3.10 and Proposition 6.6: the obstruction tensor
vanishes and Theorem 3.10 shows that the full expansion is determined by

tf (8;,1/291»]» \p:0>7 which by Proposition 6.6 must equal —Kj; if g is flat. Thus
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we have:

Proposition 7.1. Let n > 3 and suppose that (M, [g]) is locally conformally
flat. Then there exists an ambient metric g for (M, [g]) which is flat to infi-
nite order, and such a g is unique to infinite order up to diffeomorphism.

We remark that it follows from the fact that the metric 2pdt? + 2tdtdp +
t2v is straight, that § in Proposition 7.1 can be taken to be straight. In
Proposition 7.2 and Theorem 7.4, we will extend Proposition 7.1 to establish
the existence and uniqueness of a flat ambient metric not just to infinite
order, but in a neighborhood of G x {0}.

One consequence of Proposition 7.1 is that the conformal curvature ten-
sors can be invariantly defined for all orders of differentiation for locally con-
formally flat metrics in even dimensions. Because of conformal invariance,
Proposition 6.5 continues to hold, so all the conformal curvature tensors are
defined and vanish for locally conformally flat metrics.

When n = 2 the situation is quite different. (Recall that when n = 2,
every metric is locally conformally flat.) In fact, when n = 2, every straight
ambient metric is flat to infinite order. This follows by consideration of the
Poincaré metric. If g is a straight ambient metric, then Ric(g) vanishes to
infinite order, so Proposition 4.7 shows that the Poincaré metric g4 defined
in Proposition 4.6 satisfies that Ric(g4) + ng4 vanishes to infinite order.
Since the Ricci tensor determines the curvature tensor in dimension 3, it
follows that Rm(g+)+g+ ®g4+ vanishes to infinite order, so by Proposition 4.7
again, g is flat to infinite order. There are many diffeomorphism-inequivalent
straight ambient metrics for (M, [g]); they are parametrized in Theorem 3.7.

An explicit formula for flat ambient metrics in normal form relative to an
arbitrary metric in the conformal class was given in [SS] (in the Poincaré
realization). This is closely related to a result of Epstein [E1] describing
the form of hyperbolic metrics near conformal infinity in terms of data on
an interior hypersurface. In the following, we will denote by v an arbitrary
metric in the conformal class on M, and by g = g, a metric obtained by
fixing p in the ij component of an ambient metric. The formula of [SS] is as
follows.

Proposition 7.2. Let v;; be a locally conformally flat metric on a manifold
M of dimension n and let P;; be a symmetric 2-tensor on M. Set

(9p)is = Vi + 2Pijp + P P*;p? (7.1)
and define a metric g on Ry x U, where U is the subset of M x R on which
g, is nondegenerate, by

g = 2tdtdp + 2pdt* + t3g,,.
Then g is flat if:
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e n >3 and P is the Schouten tensor of ~y.

e n =2 and P is any symmetric 2-tensor satisfying
Pi=1iR and P;’=1iR,

Here indices are raised and lowered using vy, indices preceded by a comma
denote covariant derivatives with respect to the Levi-Civita connection of 7,
and R denotes the scalar curvature of .

Note that the local conformal flatness of ~ implies for n > 3 that the
Schouten tensor of v satisfies P x = P k). For n = 2, the hypotheses on
P imply that Pj; ) is trace-free. But in two dimensions, a trace-free tensor
Ayj satisfying Ajjr = A;pjx) and Ap;jx) = 0 must vanish identically (see [W]).
So in all dimensions, a consequence of the hypotheses of Proposition 7.2 is
that -Pz'j,k: = P(ij,k)~

As described in Propositions 4.6 and 4.7, under the change of variable
p = —2r2, the condition that § is flat is equivalent to the condition that g

2
is hyperbolic (i.e., has constant sectional curvature —1), where

g+:r_2 (dr2—|—g 1 2).
—3r

Thus one obtains explicit formulae for hyperbolic metrics. Consequences for
the coefficients in the expansion of the volume form of g, in the case of a
locally conformally flat infinity are given in [GJ].

We will indicate three proofs of Proposition 7.2. First we prove it by direct
calculation.

Since there are two metrics involved, it is important to be careful about
conventions for raising and lowering indices. We will use v to raise and lower
indices with the one exception that ¢*/ denotes the inverse of gij. Hereafter
we write g for g,; the p dependence is to be understood. We can write

9ij = U WU = Ui U";
where
Uij =5ij+ppij. (72)
Note that g is nondegenerate precisely where U is nonsingular. Let V = U~}
so that VikUkj = 5ij and observe that U;; = Uj;, Vi; = Vj;. It is evident
that

VEigry = Uy (7.3)
and
gi; = 2Py U";. (7.4)
First we derive the relation between the Levi-Civita connections 9V and
7YV and the curvature tensors 9 R;;;; and ¥ R;ji; of g and .
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Lemma 7.3. Let g be given by (7.1), where 7y is a metric, P;; is a symmetric
2-tensor satisfying Pijr = Pyj ) and p € R. If g is nondegenerate, then the
Levi-Civita connections are related by

IV ="V — pVFI Pl e (7.5)
and the curvature tensors by
IRijr =" Rapea U U°;. (7.6)

Proof. The right-hand side of (7.5) defines a torsion-free connection, so for
(7.5) it suffices to show that ¢ is parallel. Differentiating (7.1) gives

TVigij = 2pPij k. + 202Pl(ipj)l,k- (7.7)
On the other hand, using (7.3), (7.2) and the symmetry of P;; ; gives
lePlk,(igj)m = Plk,(in)l =P+ PPlk,(in)z~

Combining these shows that g is parallel.
Set D%, = pV P!, 1. The difference of the curvature tensors of the con-
nections is given in terms of the difference tensor by

IRmjrig"™ = TR jji 4 2D jp k) + 2D ;D g

Now
D'ji=p(V'arP"1+V'aP" k)
= —pViU e, VEaP" 0 + pViaP%j 1k
= =PV PP VP 0+ pV' P
=D D%+ pV' P 1k
SO

IRt g™ = "R’ jju + 2pV"* Py 1xg
="TR"jp + pV'e (’YRbalkaj + ’YijlkPab) .
Using (7.3), we obtain
IRiji = "R jragoi + pU%s ("R atrPoj + T R® jix Pa)
= "R j1aUsU% + pU% ("Rt Poj + " R’ jix Pas)
= ["R’jj1t (Uap — pPas) + "RParic(pPy;)| U%;
= "R’ jki¥ab + " Roair(pP*5)] U%
= ["Rajrt + " Ravii (pP*)] U%;
= ["Raput (8% + pP;)| U
=R U;U%;,
which is (7.6). 0
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We remark that (7.6) can be viewed as a compatibility condition on a
solution P;; of the system Pj; ) = 0, which is overdetermined if n > 3.

Proof of Proposition 7.2. According to (6.1), g is flat if and only if

1 p
IRiji + *(gilgé‘k + gjkggl - gikg;l - gjlgik) + *(gékgﬁ - g;lgé‘k) =0 (7.8)

2 2
IVigi; — Vg =0 (7.9)
o Lopag g =0 7.10
i — 59 Yip9jq = Y- (7.10)

We will verify (7.8)—(7.10) by direct calculation.
Begin with (7.10). Differentiating (7.1) gives g;; = 2P, P*;. Now ¢ =
ViV;J | so using (7.4) gives 979i,95, = 4P, P ;. This proves (7.10).
Next consider (7.9). Differentiating (7.7) with respect to p gives
"Vigi; = 2Pk + 4Pl(in)l,k p-
Using (7.4) gives
V™ P iym = 2V ™1 P (i PjaU % = 2Py, (i Py
Applying (7.5) and combining terms gives 9Vyg;; = 2P;; 1, so (7.9) holds.
To prove (7.8), note first that an easy calculation shows that
9ij — 5p93; = Uij-
Thus we obtain
9in9k; + 9iwgl: — P9Ik = (9= 5°9) 1 9ky; + (9 — 509) ;i 90
= i[lg;c]j + Uj[kgl/]i'
Substituting (7.4) gives
9it9); + 9ikd: — LYK = 2U:°U; (Yau Prgp + Wi Pya) -
But the hypotheses of Proposition 7.2 imply that
" Ravki = =2 (YauPejp + Yo(xPija)

in all dimensions: this is automatically true for n = 3, is true for n > 4
because 7 is locally conformally flat, and is true for n = 2 because P;* = %R
and the space of algebraic curvature tensors is one-dimensional. (7.8) follows
upon combining with (7.6). O

We next sketch another proof of Proposition 7.2 suggested by the discus-
sion in [SS] which avoids the calculations of Lemma 7.3. One first verifies
(7.10) exactly as above, which is very simple. According to (6.1), this means
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that R)oijoo = 0. Now consider the Bianchi identity Eooi[jk’oo] = 0. Write
out the skew-symmetrization and then write the covariant derivatives as
coordinate derivatives plus Christoffel symbol terms and use (3.16). Since
Emijm =0, EUKO =0 and ffam = 0, the only components of curvature
which appear are Emijk. One concludes that
8p-Rooijk + quriijoopqr =0,

where AP4";;; is smooth. For each point of M, this is a linear system of
ordinary differential equations in p, so Eocijk = 0 so long as this holds at
p = 0, which follows easily from the hypotheses on P;;. Finally one applies
the same argument to the Bianchi identity I?Eij[klm] = 0 to deduce that
Rijr = 0.

A consequence of Proposition 7.2 is the fact that for (M, [v]) locally confor-
mally flat, an ambient metric can be chosen which is flat in a neighborhood of
G x {0} (as opposed to just to infinite order), or equivalently that a Poincaré
metric can be chosen which is hyperbolic.

The arguments in [SS] and [E1] used to derive the form of a hyperbolic
Poincaré metric also give uniqueness of the solution up to diffeomorphism
in an open set, not just to infinite order. This may be of some interest in
hyperbolic geometry, particularly the distinction between the cases n = 2
and n > 2. We formulate the Poincaré metric version rather than the ambient
metric version of the result.

Theorem 7.4. Let v be a smooth metric on a manifold M, and let g4 be
a hyperbolic Poincaré metric defined on MS, where M is a neighborhood
of M x {0} in M x [0,00), with conformal infinity (M, [y]). Then there is a
neighborhood U of M x {0} in M x [0,00) and a diffeomorphism ¢ mapping
U into My which restricts to the identity on M x {0}, so that

¢ gy =12 (dr® +g.), (7.11)
where
(9r)ij = vig — Pygr® + P P 1t
and
e Ifn >3, P is the Schouten tensor of .
e Ifn =2, P is some symmetric 2-tensor on M satisfying
P'=1IR and P;’=1iR,

Proof. Take U, ¢ as in Proposition 4.3, so that ¢*g; is in normal form
relative to «y. Since g4 is hyperbolic, the ambient metric determined by ¢*g
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by the change of variable p = 7%7,2 is flat and in normal form. Its curvature
is given by (6.1). In particular, we have (7.10). Differentiating (7.10) with
respect to p and substituting (7.10) for the second derivatives which occur
gives g7 = 0, where ' = 9,. Thus g;; is a quadratic polynomial in p.

We saw in Chapter 6 that for n > 3 the Weyl and Cotton tensors of
can be recovered by restricting the curvature tensor of g to p = 0. Since g
is flat, v is locally conformally flat. The uniqueness parts of Proposition 7.1
and Theorem 3.7 now show that the p and p? coefficients of g;; must be of

the form given in Proposition 7.2. 0

In particular, Theorem 7.4 implies that if n > 3, any two conformally
compact hyperbolic metrics with the same conformal infinity are isometric
in a neighborhood of the boundary by a diffeomorphism which restricts to
the identity on the boundary. The same result holds for n = 2, except that
one must require not only that the conformal infinities agree but that the r2
coefficients P;; agree as well. The proof of Theorem 7.4 is valid with weaker
regularity hypotheses than our usual assumption that the compactification
of g4 is infinitely differentiable. There is an equivalent statement of Theo-
rem 7.4 in terms of flat ambient metrics, whose formulation we leave to the
reader.

Finally, we note that the argument of Theorem 7.4 can be used to give yet
another proof of Proposition 7.2. If n > 3 and +y is locally conformally flat,
Proposition 7.1 shows that there exists a straight ambient metric for (M, [v])
which is flat to infinite order. Put this metric into normal form relative to
~. The argument of Theorem 7.4 shows that modulo terms vanishing to
infinite order, the corresponding g, must be a quadratic polynomial in p
and its coefficients must be given by (7.1). If one takes g, to equal this
quadratic polynomial, then g is real analytic in p. Since its curvature tensor
vanishes to infinite order at p = 0, it must vanish identically, so g is flat as
desired. The same argument applies for n = 2 as well, using Theorem 3.7 and
the discussion after Proposition 7.1 to conclude the existence of a straight
ambient metric having the prescribed initial asymptotics which is flat to
infinite order.

Consider next the case of conformal classes [g] containing an Einstein
metric. For this discussion we assume n > 3. We already noted in Chapter 3
that if ¢ is Einstein, with R;; = 2A(n — 1)g;; so that P;; = Ag,j, then

g = 2pdt* + 2tdtdp + t2g,, g, = (14 Xp)3g, (7.12)

is straight, Ricci-flat, and in normal form relative to g. In the Poincaré real-
ization, this is a reformulation of the familiar warped product construction
of an Einstein metric in n + 1 dimensions from an Einstein metric in n di-
mensions (see for example [Bel]): for A # 0, under the change of variable
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- /_ _ 2 —v . . ’ .
r=+/—2p=,/ e the associated Poincaré metric becomes

gy =772 (dr* + (1 — IX?)%g) = dv® + 2|A\[%(v) g, (7.13)

where

W(v) = sinh®v  if A >0
“ ) cosh®v ifA<O.

For A = 0, the corresponding change of variable is r = =%, giving g, = dv?+

e?Vg. See also [GrH1], [Leit], [Leis], [Ar]. The explicit representation (7.12)
has been generalized to the case of certain products of Einstein metrics in
[GoL)]. See also the remarkable examples of Nurowski [N] of explicit ambient
metrics.

When n is odd, then up to diffeomorphism (7.12) is the unique ambi-

ent metric to infinite order. But when n is even, there are others satisfying

Ric(g) = O(p™°), corresponding to other choices of tf (62/ Qgij\ p:0> in The-

orem 3.10. The following result shows that modulo diffeomorphism, the am-
bient metric (7.12) is uniquely determined to infinite order by the conformal
class alone.

Proposition 7.5. Let g be an Einstein metric and let g be the ambient
metric defined by (7.12). Suppose that a conformal rescaling g = €*Yg is
also Einstein with constant X, and let? denote the ambient metric defined
by taking g, = (1 + Xp)g’g\ in (7.12). Then g and? are diffeomorphic to
infinite order.

Of course, the Poincaré metrics (7.13) determined by g and g are diffeomor-
phic to infinite order as well. As mentioned in the introduction, Proposi-
tion 7.5 was obtained by Haantjes-Schouten.

We begin the proof of Proposition 7.5 by characterizing the ambient metric
(7.12) in terms of its curvature.

Proposition 7.6. Let g be Einstein and let g be defined by (7.12). The

covariant derivatives of curvature of g satisfy Rrjxr.m...nv = 0 if at most 8
of the indices IJKLM --- N are between 1 and n.

Proof. First, substituting g, into (6.1) gives Eoojkl = 0 and Eooijoo = 0.
Now calculating the covariant derivatives inductively using the observations
from (3.16) that I'4_ = 0 for all A and I'{,, = 0 unless 1 < A < n, one
finds that Emijoom...oo =0and Riooijk’oo“.oo = 0. Also, recalling EOJKL =0
and calculating gives Rooijoo,k = 0. Inductively differentiating this relation

shows that Recijoo,koo-00 = 0.
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Consider now R 1JKL,M-..N With at most 3 indices between 1 and n. Recall
from Proposition 6.1 that a 0 index can be removed at the expense of permut-
ing the remaining indices. Thus it can be assumed that none of the indices
is 0. The symmetries of the curvature tensor then show that R;jxr ar...nv
vanishes unless at least two of IJKL are between 1 and n. Thus at most
one of M --- N can be between 1 and n. We have shown above that all such
components vanish, except for components Roijoo,c0--cokoo---0o With at least
one oo to the right of the comma before the k. This can be shown to vanish
by commuting the k to the left: by the differentiated Ricci identity, one has
that

Rooijoo7 00-+-00 ook 0000 T Rooijoo, 00+++00 koo 00-+-00
N~ S~ N~ N~

a b a b

is a sum of terms of the form

P
R Mook,oo---ooR...., ......

where M is one of i, j, oo and P contracts against one of the indices of
the second factor. But it follows from what we have already shown that
RonMook,00---00 = 0 for all choices of M and Q. O

In particular, for n even one has

n/2—2

Recall from Proposition 6.6 that this condition determines tf (5';/ 2gij| p:O)
(which clearly vanishes in this case, so that K;; in Proposition 6.6 vanishes
for an Einstein metric), and by Theorem 3.10 this determines the solution
to infinite order. Thus we have:

Proposition 7.7. Let n > 4 be even. If g is an Einstein metric, then g
given by (7.12) is to infinite order the unique ambient metric in normal
form relative to g satisfying Ric(g) = O(p>°) and (7.14).

The proof of Proposition 7.5 uses relations between the curvature of an
Einstein metric g and the conformal factor relating g to another Einstein
metric. Let g be Einstein and let g be defined by (7.12). Recall from Chap-
ter 6 that if » > 0 and if we divide the indices IJK LMy --- M, into three
disjoint subsets Sop, Sar, Soo of cardinalities so, sas, Soo, Tesp., then we can
define a covariant tensor Rs,,s,,,s.. on M of rank sp; as follows. In the
derivative of ambient curvature EIJKL7]\/]1...MT|p:07t:1, set the indices in Sy
to be 0’s, the indices in Sy, to be 00’s, and let those in Sy correspond to M
in the identification G x R 2 R, x M X R induced by g.
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Proposition 7.8. Let g and § = e>Y g be conformally related Einstein met-
rics. Divide the indices IJTK LMy - - M, into three disjoint subsets So, S,
Soo and construct the tensor Rs,.s,,.s.. on M as described above. Now di-
vide Sy into two disjoint subsets: Sy = T1 U Ta, and set card(T;) = i,
i =1, 2. Construct a covariant tensor'Y on M of rank ta by contracting the
vector field grad Y into each of the indices of T1 in Rs, sy,8..- If t2 < 3,
then Y = 0.

For example, Proposition 7.8 asserts that
Y;jk = TaTbTCTdRiooOa,oobcjoodook‘p:O,t:l = 0.

Observe that the case T; = () follows from Proposition 7.6. In this case there
are no contractions with grad T and one need not restrict to {p = 0}.

Proof. The proof is by induction on r. By applying Proposition 6.1, we may
as well assume Sy = ). By Proposition 7.6 we may assume t; > 1. Also it
suffices to consider the case t; = 3, since any Y with t3 < 3 may be viewed
as a contraction against grad Y’s of a Y with ¢o = 3 (Proposition 7.6 shows
that Y vanishes unless sy; = t1 + to > 4, so there must exist enough indices
contracted against grad Y’s).

For r = 0, it need only be shown that Tlélijﬂp:oﬂt:l = 0. We have seen
from (6.1) that Elijk|p:07t:1 = Wi;jk. The desired conclusion follows from
the conformal transformation law @jk = Cijr — TlVVlijk for the Cotton
tensor and the fact that the Cotton tensor vanishes for Einstein metrics.

Suppose the result is true up to r — 1. Construct a tensor Ry s,, s, from
ﬁ]JKLle.A.MTh;:O’t:l as described above, where spy = t; + 3 and t; > 1.
We need to show that the contraction of grad T into ¢; indices in Sps in
the tensor Ry s,, s.. vanishes. Applying the Bianchi identity if necessary,
we may assume that at least one of the indices of Sy; is after the comma.
By commuting derivatives, we want to arrange that M, € Sp;. Take the
right-most element of Sy; in the list My --- M, and consider the effect of
commuting it successively past each of the co’s to its right. According to the
differentiated Ricci identity, the expression

Rrjxrn, M- Maco so-00 — RITKL M- M.ooa 0000
—~— ~—~—
k k

is a sum of terms of the form

P
RP Naco. 000 Reveey e,

)

1

where | < k, N € {IJKLM---M,}, and the second R has some list
of indices including P but with N removed. Proposition 7.6 implies that
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RF Naoco,00--00 = 0. Therefore the commutations introduce no new terms and
we may assume that M, € Sy;. We write M, = a.
Now write

Rrsxr - M,_1a = OaRrjxn py M,y

—p = ~p -
— U Rpskn, My Me_y — - — Uapng,_ Rrjkr,m--p-
(7.15)

Consider the term fijPJKL7M1...MT_1. If I = oo, (3.16) shows that only
terms with 1 < P < n can ~contribute. Write p = P and observe that
(3.16) and (7.12) imply that T2 = ud,P for some function u(p), so that
ffjéPJKL,MlmMT.,l = UEQJKL7M1...M7,71. The induction hypothesis implies
that this vanishes when restricted to p = 0 and contracted against ¢; factors
of grad Y. Similarly for the other terms in (7.15) involving Christoffel sym-
bols ffoo. Therefore we need consider only the terms involving Christoffel
symbols of the form ffb withb € Sy N{IJKLM; --- M,_1}. If, for example,
I =10 € Sy, such a term is of the form

P n _ 170 p» TP D
PaRpixomy-m—y =LayRosrrmy v,y + Vo Rpsrr vy oM,y

=+ FZEROOJKL7M1---M,,.,1-
The number of elements of 75 in the list JK LM - -+ M,_1 is of course at most
3. Therefore the induction hypothesis implies that upon setting p = 0 and
contracting against the t; factors of grad Y, the terms ngROJKL7M1...MT71
and fg?)EOOJKL’Ml...MT71 both vanish. Similarly for the other Christoffel
symbol terms corresponding to indices in Syy N{IJKLM;y --- M,_1}.

We have shown that we need only include terms on the right-hand side of
(7.15) corresponding to indices in Sy N {IJKLM; --- M,_1} and for such
terms need only sum over p € {1,...,n}. Since at p = 0 these ambient
Christoffel symbols agree with the ones for the metric g on M, the right-hand
side can be interpreted as V,Rrjxr,m,..-Mm,_,, Wwhere V, is the covariant
derivative on M and the tensor EUKL,MI.A.MT_l is to be interpreted as the
rank sp; — 1 tensor on M determined by fixing the indices in Sy, to be oo
and letting the indices in Sy \ {a} vary between 1 and n. We must show
that we get 0 if we contract t; factors of grad Y into VGEUKL,MI...MPI.
Use the Leibnitz rule to factor the V, outside the product of all the grad T
terms with Rrjxr am,...m,_,, at the expense of the sum of the terms where
the derivative hits each one of the grad T factors in turn. By the induction
hypothesis, the contraction of all the grad T factors (except T if it occurs)
into ﬁl JKL,M,-M,_, vanishes. To handle the terms where a derivative hits
a grad T, recall the transformation law for the Schouten tensor:

~

1
Pz’j = Pij — Tij + T[I"J — iTkagij.
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We have ﬁij = //\\/g\” = :\\eﬂgij and P;; = Ag;j. Therefore it follows that
Tij =TT+ fogis

for some function f on M. Substituting this relation for the second deriva-
tives of T which arise, one sees easily that the induction hypothesis implies
that all the terms vanish, completing the induction. O

Proof of Proposition 7.5. We have already observed that for n odd, this
follows from the uniqueness of the ambient metric up to diffeomorphism. So
we can assume that n > 4 is even.

Recall that any pre-ambient metric for a given conformal class can be put
into normal form corresponding to any choice of representative metric. So
there is a diffeomorphism % such that to infinite order, 1*g is of the form
(7.12) but with g, replaced by some g, satisfying go = g = > g. Moreover,
the expansion of g, to order n/2 is uniquely determined by the Einstein
condition Ric(¥*g) = 0 and the expansion to infinite order is determined

once tf <8;L/2/g\p|p:0) is fixed. It follows that g, = (1 + )25 + O(p™2) and

9o =(1+ Xp)Qﬁ—i— O(p™) if and only if the curvature tensor of 1*g satisfies
(7.14). We will show that the curvature tensor of 1)*g satisfies (7.14), which
will therefore prove the theorem.

The curvature tensor of ¥*g is obtained from that of g by transforming it
tensorially. The calculation of the Jacobian of ¢ and this tensorial transfor-
mation are carried out in the proof of Proposition 6.5. The result is that all
components of all covariant derivatives of curvature of ¢*g are given by the
right-hand side of (6.7). Thus (7.14) is equivalent to

= A B.C.D .M My os
RABCD My M, 53| p=0D" 0oP" iD" jP" 00D Moo - P2 200 = 0,

where p?; is given by (6.8). Expanding this out, one obtains a linear combi-
nation with smooth coefficients of contractions of some number (possibly 0)
of factors of grad T with tensors ESO,SM,SN as considered in Proposition 7.8.
Each contraction which occurs has t; < 2, so by Proposition 7.8, it vanishes.
O

The existence of a unique normalized infinite order ambient metric up to
diffeomorphism in the locally conformally flat and conformally Einstein cases
has as a consequence that other invariant objects exist for such structures
which do not exist for general conformal structures in even dimensions. An
example is the family of “conformally invariant powers of the Laplacian”
constructed in [GIMS]. In [GIMS] it was shown that if n > 3 is odd and
k € N, then there is a natural scalar differential operator with principal part
(—A)* depending on a metric g, which defines a conformally invariant op-
erator Py, : E(—n/2 + k) — E(—n/2 — k), where £(w) denotes the space of
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conformal densities of weight w. (Recall that our convention is A = ViV,.)
When n > 4 is even, the same result holds with the restriction k£ < n/2, and
it was shown in [GoH], following the special case k = 3, n = 4 established in
[Grl], that no such natural operator exists for k > n/2 for general confor-
mal structures. The conformal invariance of the operator produced by the
algorithm in [GJMS] depends only on the existence and invariance of the
ambient metric. So it follows that when n is even and (M, [g]) is locally con-
formally flat or conformally Einstein, there exists for all £ > 1 an operator
Py, 2 E(-n/2 + k) — E(—n/2 — k) with principal part (—A)* determined
solely by the conformal structure.

One can write the operator Py explicitly for an Einstein metric g. In
[GIMS], the operator Py arose as the obstruction to “harmonic extension”
of the density. We briefly review the construction. A density of weight w can
be viewed as a homogeneous function of degree w on G, and one asks for
an extension to a homogeneous function of degree w on G x R which solves
Awu = 0 to high order along G x {0}, where A denotes the Laplacian with
respect to an ambient metric g. In the identification G x R 2 R, x M x R
induced by a choice of metric g in the conformal class, we can write u = t* f,
where f = f(x, p) is a function whose restriction to p = 0 is the initial density
on M. The equation Au=0is equivalent to the following equation on f:

=2pf" + Qw+n—2—pg”gi)f + A f + swg gl f =0, (7.16)
where’ denotes 0,, gi;(z, p) is as in (3.14), and A, denotes the Laplacian with
respect to g;;(z, p) with p fixed. For w = —n/2 + k, the derivatives 9;" f|,=o
for 1 < m < k — 1 are determined successively by differentiating (7.16)
with respect to p at p = 0, but the expression obtained by differentiating
the left-hand side of (7.16) k — 1 times depends only on the previously
determined derivatives so defines an obstruction to harmonic extension which
can be expressed modulo a normalizing constant as the invariant operator
Py, applied to f(x,0). For general metrics one must require k < n/2 if n
is even because g;; is then only determined to order n/2, but this is not
necessary if the initial metric is Einstein.

Suppose now that the initial metric g is Einstein with Ric(g) = 2A(n—1)g
as above. Then g;;(z, p) = (1 4+ Ap)?gi;(z,0), so for w = —n/2 + k, (7.16)
becomes

—2pf" + (2k —-2-

=0,

(7.17)
where A = Ag denotes the Laplacian with respect to the initial metric g. It is
clear from the form of this equation and from the inductive procedure above
that in this case the operator Py takes the form Poy = por (A, A), where poy,
is a polynomial in two real variables depending on n and k as parameters.

2nAp \ 1 an(—n/2 + k)
- AfLTRETR)
1+)\p>f (14 Ap)? U 1+Ap
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Moreover, rescaling p in (7.17) and using the fact that Py has leading coef-
ficient (—A)* shows that par (A, \) = \¥par(A/A, 1). Thus Py, for Einstein
metrics is determined by the polynomial pax(A,1). In [Br], Branson showed
that on S™, any differential operator Py, which defines an equivariant map
:E(—n/24+k) = E(—n/2—k) on densities viewed as sections of homogeneous
vector bundles for the conformal group is necessarily a multiple of

k
[[a+e),  o=(E+i-1)(-))
j=1
when written with respect to the metric of constant sectional curvature 1.
The operator Py has this invariance property as a consequence of its natu-
rality and invariance under conformal rescaling, so this determines the poly-
nomial psj. Thus we deduce

Proposition 7.9. If n > 3 and if g is Einstein with Ric(g) = 2A(n — 1)g,
then the operators Py are given for k > 1 by

k

Pu=J[(~a+2xe;), ¢ =(2+5-1)(2—J).
j=1

The above argument showing that the operators produced by the GJMS
algorithm for the ambient metric (7.12) of an Einstein metric are given by
the same formula as on the sphere was presented by the second author at
the 2003 AIM Workshop on Conformal Structure in Geometry, Analysis, and
Physics in response to a question of Alice Chang (see [BEGW]). One can
also argue via Proposition 3.5 if n is odd or if n is even and k < n/2. In these
cases, Proposition 3.5 implies that the coefficients of the Psi can be written
solely in terms of the Ricci curvature and its covariant derivatives. For an
Einstein metric, the covariant derivatives of Ricci vanish, so the formula
necessarily reduces to a universal formula involving only A and A. Another
treatment of these results has been given by Gover in [Go2] using tractors.

Proposition 7.9 can also be derived without reference to Branson’s formula
on the sphere directly from the recursion relation obtained by successively
differentiating (7.17). Upon setting A = 1, multiplying (7.17) by (1 + p)?,
and differentiating m times, one obtains at p =0

2k —m — 1) f"D L A+ dm(k —m —n/2) +n(k —n/2)] f™
+m2(m—1)(k—m+1—n)+n(k—n/2)] fm D =0.

Set (a)o =1and (a)y, =ala+1)...(a+m—1) for a € C, m € N. It follows
that
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and that

Paw(A, 1) = 28gi(y), (7.18)

where y = —5 [A —n(n/2 —1)] and the ¢,,(y) are the polynomials of one
variable determined by g_1 = 0, go = 1 and the recursion relation

i = ly = 2m(k = m = n/2) ~n(k— 1)/ g 719)
—m(m—k)(m—14+n/2)(m—14n/2 —k)gmn_1 '
for m > 0.

Up to a normalizing factor, the polynomials ¢,, are a case of the dual
Hahn polynomials, a family of discrete orthogonal polynomials which may
be expressed explicitly in terms of 3F5 hypergeometric functions (see [KM],
[NSU] and the appendix of [AW]). This leads to the following formula for
the gn:

l

a() = S (=1 (02 + Dyma s — mml( )H G- 1)

=0 =

where for [ = 0 the empty product is interpreted as 1. Indeed, it is not
difficult to verify directly that ¢, defined by this formula satisfies (7.19).
Taking m = k gives

ly -4 —1)]

n'::]w

which via (7.18) gives Prop051t10n 7.9.

We remark that Proposition 7.9 gives a formula for Branson’s Q-curvature
for an Einstein metric. From Branson’s original definition in [Br], one obtains
immediately from Proposition 7.9 that if n is even and Ric(g) = 2A\(n —1)g,
then

n/2—1
Q)= N2 —1) T (5 +5—-1(% — )

j=1



Chapter Eight

Jet Isomorphism

A fundamental result in Riemannian geometry is the jet isomorphism theo-
rem which asserts that at the origin in geodesic normal coordinates, the full
Taylor expansion of the metric may be recovered from the iterated covari-
ant derivatives of curvature. As a consequence, one deduces that any local
invariant of Riemannian metrics has a universal expression in terms of the
curvature tensor and its covariant derivatives. Geodesic normal coordinates
are determined up to the orthogonal group, so problems involving local in-
variants are reduced to purely algebraic questions concerning invariants of
the orthogonal group on tensors.

Our goal in this chapter is to prove an analogous jet isomorphism theorem
for conformal geometry. By making conformal changes, the Taylor expansion
of a metric in geodesic normal coordinates can be further simplified, resulting
in a “conformal normal form” for metrics about a point. The jet isomorphism
theorem states that the map from the Taylor coefficients of metrics in con-
formal normal form to the space of all conformal curvature tensors, realized
in terms of covariant derivatives of ambient curvature, is an isomorphism.
If n is even, the theorem holds only up to a finite order. In the conformal
case, the role of the orthogonal group in Riemannian geometry is played by
a parabolic subgroup of the conformal group. We assume throughout this
chapter and the next that n > 3.

We begin by reviewing the Riemannian theorem in the form we will use it.
Fix a reference quadratic form h;; of signature (p,¢) on R". In the positive
definite case one typically chooses h;; = d;;. The background coordinates are
geodesic normal coordinates for a metric g;; defined near the origin in R" if
and only if g;;(0) = h;; and the radial vector field 9, satisfies V.0, = 0,
which is equivalent to I'j 272 = 0 or

26kgijxjxk = 3igjkxjmk. (8.1)
It is easily seen that the coordinates are normal if and only if
gijIj = hijij. (82)

In fact, set F; = g;;27 — h;;x? and observe that

8kgij$j$k = SCJa]Fl — FZ‘, 8igjk£17jl’k = 8z(xJFJ) — 2F1 (83)
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Clearly F; = 0 implies that (8.1) holds so that the coordinates are normal.
Conversely, if the coordinates are normal, then the fact that g and 9, are
parallel along radial lines implies 27 F ; = 0. Substituting this and (8.3) into
(8.1) gives 279, F; = 0, which together with the fact that F; is smooth and
vanishes at the origin implies F; = 0.

We are interested in the space of infinite order jets of metrics at the ori-
gin. Taylor expanding shows that (8.2) holds to infinite order if and only if
9i5(0) = hy; and the derivatives of g;; satisfy dy, ...0k, g4),;(0) = 0. Since
a 3-tensor symmetric in 2 indices and skew in 2 indices must vanish, this
implies in particular that all first derivatives of g vanish at the origin. So
we define the space N of jets of metrics in geodesic normal coordinates as
follows.

Definition 8.1. The space N is the set of lists (9(*,¢®),...), where for
each r, g € @2 R™* @ O" R™* satisfies gl(&?,kl”_kr) = 0. Here the comma

just serves to separate the first two indices. For N > 2, AN will denote the

set of truncated lists (g(2),g(3)7 . ,g(N)) with the same conditions on the
(r)
g\,

To a metric in geodesic normal coordinates near the origin, we associate the
element of A/ given by gg;)klmk?‘ = O, ... 0k, 9i;(0) for r > 2. Conversely,
to an element of A/ we associate the metric determined to infinite order by
these relations together with ¢;;(0) = h;; and Jxg;;(0) = 0. In the following,

we typically identify the element of A" and the jet of the metric g.

Definition 8.2. The space R is the set of lists (R(®), RV, ...), where for
each 7, R e N’R™ @ A’ R™* @ ®" R"*, and the usual identities satisfied
by covariant derivatives of curvature hold:

(1) Rijrigmy-m, = 0;
(2) Rijikt,mi)mo-m, = 0;

(3) Rijktmy-fms_yma]my = Qz(';l)clmlmmf
Here Qg;,llmlmmr denotes the quadratic polynomial in the R(™) with
r’ < r — 2 which one obtains by covariantly differentiating the usual
Ricci identity for commuting covariant derivatives, expanding the dif-
ferentiations using the Leibnitz rule, and then setting equal to h the

metric which contracts the two factors in each term.

For N > 0, RN will denote the set of truncated lists (R(®, R, ..., R)
with the same conditions on the R,

There is a natural map AN/ — R induced by evaluation of the covariant
derivatives of curvature of a metric, which is polynomial in the sense that



84 CHAPTER 8

the corresponding truncated maps NV*2 — R are polynomial. We will say
that a map on a subset of a finite-dimensional vector space is polynomial
if it is the restriction of a polynomial map defined on the whole space, and
a map between subsets of finite-dimensional vector spaces is a polynomial
equivalence if it is a bijective polynomial map whose inverse is also polyno-
mial. The jet isomorphism theorem for pseudo-Riemannian geometry is the
following.

Theorem 8.3. The map N — R is bijective and for each N > 0 the
truncated map NNt2 = RN is a polynomial equivalence.

There are two parts to the proof. One is a linearization argument show-
ing that it suffices to show that the linearized map is an isomorphism. The
other is the observation that the linearized map is the direct sum over r of
isomorphisms between two realizations according to different Young projec-
tors of specific irreducible representations of GL(n,R). The reduction to the
linearization can be carried out in different ways; one is to argue as we do
below in the conformal case. The analysis of the linearized map is contained
n [E2]. See also [ABP] for a different construction of a left inverse of the
map N — R.

We now consider the further freedom allowed by the possibility of making
conformal changes to g.

Proposition 8.4. Let g be a metric on a manifold M and let p € M. Given
Qo € C®(M) with Qo(p) > 0, there is Q € C™(M), uniquely determined
to infinite order at p, such that 2 — Qg vanishes to second order at p and
Sym(V" Ric)(22g)(p) = 0 for all v > 0. Here Sym(V" Ric)(Q2g) denotes the
full symmetrization of the rank r + 2 tensor (V" Ric)(Q%g).

Proof. Write = e¥ and set § = €2¥ g. We are given Y (p) and dY (p). Recall
the transformation law for conformal change of Ricci curvature:

Rij = Rij — (n — Q)Tij — Tkkgij —|— (Tl — 2)(TZTJ — Tkagij)-
Differentiating and conformally transforming the covariant derivative results
in

(V" Ric) =(V" Ric)ijmy-eom, — (= 2)Tijmycm,.

ij,maem
k
— T4 m,.m, gij + lots,

where lots denotes terms involving at most r 4+ 1 derivatives of Y. We may
replace covariant derivatives of T by coordinate derivatives on the right-hand
side of this formula. Then symmetrizing gives

Sym (V/TEC) = Sym(V" Ric) — (n — 2)0" 2T — Sym(tr(8"2Y)g) + lots.
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If ¢ > 0, the map s — s + ¢Sym(tr(s)g) is invertible on symmetric (r + 2)-
tensors. Therefore, for any r > 0, one can uniquely determine 8”27 (p) to

make Sym (V/rﬁc)(p) = 0. The result follows upon iterating and applying
Borel’s Lemma. O

We remark that there are other natural choices for normalizations of the
conformal factor. For example, one such is that the symmetrized covariant
derivatives of the tensor P;; vanish at p, where P;; is given by (3.7). Another
is that in normal coordinates, det g;; — 1 vanishes to infinite order at p (see
[LP)).

Definition 8.5. The space N, C N of jets of metrics in conformal normal
form is the subset of A/ consisting of jets of metrics in geodesic normal
coordinates for which Sym(V" Ric)(g)(0) = 0 for all » > 0. For N > 2, NN
will denote the subset of N’V obtained by requiring that this relation hold
for0<r <N -2.

Later we will need the following consequence of the proof of Proposi-
tion 8.4.

Lemma 8.6. For each N > 3, there is a polynomial map n™ : NN=1 —
@2 R™ ® @N R™* with zero constant and linear terms, such that the map
g = (9:0"(9)) maps N1 = N Here g = (9%,9%,....g""") €
P

Proof. View g as the metric on a neighborhood of 0 € R"™ given by the
prescribed finite Taylor expansion of order N — 1. Then the components of
Sym(VN~=2Ric)(g)(0) are polynomials in the ¢("™) with no constant or linear
terms. According to the proof of Proposition 8.4, there is a function  of
the form 2 = 1+ py with py a homogeneous polynomial of degree N whose
coefficients are polynomials in the ¢(") with no constant or linear terms, such
that Sym(VY~2Ric)(Q22g)(0) = 0. Now Q2g is in geodesic normal coordi-
nates to order N — 1 but not necessarily N. However by the construction
of geodesic normal coordinates, there is a diffeomorphism ¢ = I 4+ qn41,
where g1 is a vector-valued homogeneous polynomial of order N 41 whose
coefficients are linear in the order N Taylor coefficient of Q2g, such that
1*(Q2g) is in geodesic normal coordinates to order N. Since the condition
Sym(V" Ric)(22¢)(0) = 0 is invariant under diffeomorphisms, n™¥ defined to
be the order N Taylor coefficient of 1)*(22g) has the required properties. [

If g1 and go are jets of metrics of signature (p, ¢) at the origin in R", we
say that g; and g, are equivalent if there is a local diffeomorphism 1 defined
near 0 satisfying ¥(0) = 0, and a positive smooth function € defined near
0, so that go = ¥*(Q%g;) to infinite order. It is clear from Proposition 8.4
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and the existence of geodesic normal coordinates that any jet of a metric is
equivalent to one in V.. In choosing 2 we have the freedom of R, x R™, and
in choosing ¥ a freedom of O(p,q). We next describe how these freedoms
can be realized as an action on A, of a subgroup of the conformal group.
Recall that h;; is our fixed background quadratic form of signature (p, q)

on R”. Define a quadratic form A7y on R"+2 by

~ 0 0 1
hry=10 hij 0
1 0 O

and the quadric @ = {[z] : hysala’ = 0} C P**!. The metric hyyda!dz’

on R™*2 induces a conformal structure of signature (p,q) on Q. The stan-

dard action of the orthogonal group O(ﬁ) on R"*2 induces an action on

Q by conformal transformations and the adjoint group O(h)/{£I} can be

identified with the conformal group of all conformal transformations of Q.
1

Let eg = | 0 | € R"*2 and let P be the image in O(h)/{%I} of the isotropy
0

group {A € O(h) : Aeg = aeg,a € R} of [eg]. It is clear that each element
of P is represented by exactly one A for which a > 0, so we make the iden-
tification P = {p € O(h) : peg = aeg,a > 0}. The first column of p € P is
a
0 |; combining this with the fact that p € O(?L), one finds that

0

a by ¢ , 1 1 .
pP= 0 m'; d |:a>0,m"€O0),c=—=—bt,d =—-m"b;
0 0 at 2a a

where h;; is used to raise and lower lowercase indices. It is evident that
P =Ry -R" - O(h), where the subgroups Ry, R", O(h) arise by varying a,
bj, m';, resp.

The intersection of Q with the cell {[z!] : 20 # 0} can be identified with R"

1
viaR? 3 2¢ — | af € Q, where |z|?> = h;jz'z/. In this identification,
—3lal? o

the conformal structure is represented by the metric h;jdz*dz? on R™. If
p € P is as above, the conformal transformation determined by p is realized
mijz) — L|z|2d!

a+bjal — Sclzf?

(ep(@)’ =

and one has pyh = Q?,h for

Qp = (a-+byad — Sefof) .



JET ISOMORPHISM 87

This motivates the following definition of an action of P on N,. Given
p € P as above and g € N, by Proposition 8.4 there is a positive smooth
function €2 uniquely determined to infinite order at 0 so that € agrees with
Q, to second order and such that Sym(V" Ric)(2%¢)(0) = 0 for all r > 0.
Now (22g)(0) = a~2h, so by the construction of geodesic normal coordinates,
there is a diffeomorphism ¢, uniquely determined to infinite order at 0, so
that »(0) = 0, ¢'(0) = a~!'m, and such that (p=1)*(Q2g) is in geodesic
normal coordinates to infinite order. We define p.g = (¢~1)*(22g). It is clear
by construction of ¢ that p.g € A, and since the condition of vanishing of
the symmetrized covariant derivatives of Ricci curvature is diffeomorphism-
invariant, it follows by construction of  that p.g € N.. It is straightforward
to check that this defines a left action of P on N,. Note that if g = h, then
Q = Q, and ¢ = ,, so that h is a fixed point of the action. A moment’s
thought shows that (p.g)("™ depends only on g(*) for s < r. Therefore for
each N > 2, there is an induced action on ./\/CN .

It is clear from the construction of the action that p.g is equivalent to g
for all g € N, and p € P. In fact, the P-orbits are exactly the equivalence
classes.

Proposition 8.7. The orbits of the P-action on N, are precisely the equiv-
alence classes of jets of metrics in N, under diffeomorphism and conformal
change.

Proof. Tt remains to show that equivalent jets of metrics in N, are in the
same P-orbit. Suppose that g1, go € N, are equivalent. Then we can write
g2 = (0™H)*(2%g1) to infinite order for a diffeomorphism ¢ with ©(0) = 0
and a positive smooth 2. We can uniquely choose the parameters a and b of
p € P so that {2 — 2, vanishes to second order. Since g; and g both equal h
at 0, it follows that ag’(0) € O(h), so that we can write ¢’(0) = a~'m with
m € O(h). Together with the already determined parameters a and b, this
choice of m uniquely determines a p € P. Since go € N, all symmetrized
covariant derivatives of Ricci curvature of Q22g; vanish at the origin, so
must be the conformal factor determined when constructing the action of p
on g1. And since g is in geodesic normal coordinates, ¢ must be the correct
diffeomorphism, so that go = p.g;. O

It is straightforward to calculate from the definition the action on N, of
the Ry and O(h) subgroups of P. If we denote by p, the element of P
obtained by taking b = 0 and m = I and by p,, the element given by a =1
and b = 0, then one finds that p, acts by multiplying ¢ by a”, and p,, acts
by transforming each ¢(") as an element of ®T+2 R™*, where R™ denotes the
standard defining representation of O(h).
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The problem of understanding local invariants of metrics under diffeomor-
phism and conformal change reduces to understanding this action of P on
N.. However, it is very difficult to analyze or even concretely exhibit the ac-
tion of the R™ part of P directly from the definition. The ambient curvature
tensors enable the reformulation of the action in terms of standard tensor
representations of P.

Propositions 6.1 and 6.4 show that the covariant derivatives of curvature
of an ambient metric g satisfy relations arising from the homogeneity and
Ricci-flatness of the metric. These conditions suggest the following definition.

Definition 8.8. The space R is the set of lists (}NE(O),I?I(U, ...), such that
R™ e N°R2* @ A*R7M2* @ " R™+2* and such that the following rela-
tions hold:

(1) EI[JKL],Ml»--MT =0;
(2) EIJ[KL,Ml]MzmMT =0;

(3) BZKEIJKL,Ml»--M,,, = 0;

(4) Rrygrntyoeiatooant)ont, = Q1 kcrar s,

(5) RIJKO,MlmMT = - Zzzl RIJKMS,My--X/I\sm]WT;

(6) EIJKL,MI~~-M501~v15+1.--MT. =

r
*(5+2)RIJKL,ZV11-~MT7275:54,_1 RIJKL,Ml"'MthM5+1"'JE"']\/['F.

Here, as in Definition 8.2, @(ISJ)K L, .-, denotes the quadratic polynomial

in the components of R for ¢/ < r—2 which one obtains by differentiating
the Ricci identity for commuting covariant derivatives, expanding the dif-
ferentiations using the Leibnitz rule, and then setting equal to h the metric
which contracts the two factors in each term. Condition (5) in case r = 0 is
interpreted as EIJKO =0.

We remark, as we did in the proof of Proposition 6.1, that condition (6) is
superfluous: it is a consequence of (2), (4), (5). But we will not use this fact.
It will be convenient also to introduce the vector space T consisting of the
set of lists (R, RM,...) with R e A?R™2* @ A\?R"2* @ @ R +2*
such that (1)—(3), (5), (6) hold.

We prepare to define truncated spaces RY for R. Recall the notion of
strength from Definition 6.3. Note that it is clear that for each of the relations
(1)—(6) except (4) in Definition 8.8, all components R;jxr, am,...m, which
occur in the relation have the same value for the strength of the index list
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of the component. For N > 0, define the following vector spaces of lists of
components of tensors. We denote by M = M; --- M, a list of indices of
length |[M| = r, and the conditions (1)—(6) refer to Definition 8.8.

TV = {(EIJKL,M)\MQO, IHJKLM|<N+4 - (1)=(3), (5), (6) hold}

N = {(Rrsx M) | M0, 17K LM|=N+4 : (1)~(3), (5), (6) hold}

If EI JKL,M;---M, 1S a component appearing in an element of 7~‘N and r >
N, then at least one of the indices IJKLM; --- M, must be 0. Therefore
by (5) and (6), Rrsxr,ay--m, can be written as a linear combination of
components with r replaced by r — 1. It follows that ’%N and 7V are finite-
dimensional. Since (1)—(3), (5) and (6) 1mp1y that RIJKL M- =0 if
[IJKLM, --- M,|| <3, we have TN = @Y,_ 7™ and T = HMZOT

As for (4), a typical term in Qvf,)KLMln_M is

%ABEAIMS,lMS,M’EBJKL,MyuMS,gM”y
where M’ and M" are lists of indices such that M’'M” is a rearrangement
of Mgyq -+ M,. In order that h4B # 0, it must be that |AB|| = 2. There-
fore ||AIMs_ 1 M M'|| 4+ ||BJKLMy --- Mg_oM"|| = ||[ITJKLM; --- M| + 2.
This implies that if either |AIM;_1 M, M'|| or ||BJKLM; -+ Ms_oM”||
is greater than or equal to ||[IJKLM; --- M., then the other is less than
or equal to 2. The same reasoning applies to all terms in Q?J)K LM, M, -
Since (1)~(3), (5) and (6) imply that a component of an R®) vanishes if its
strength is at most 3, it follows that any component of an R*) which occurs
in Q T7KLM,..m, With a nonzero coefficient must have strength strictly less
than HIJKLM1 - M,||. Hence we will regard (4) as a relation involving
components with indices of strength at most ||[[JKLM;---M,.|, and the
quadratic terms in (4) only involve components of strength less than that of
the linear terms. With this understanding, we can now define
RN = {(Rrskpsar,) € TV ¢ (4) of Definition 8.8 holds}.

We will also need the corresponding linearized spaces, in which the term

QUKLMl v, in (4) is replaced by 0. Define vector spaces
= {(RO,RM, .. )eT: EIJKL,MlmMT = EIJKL,(MlmMT)}
= {(Rrsxr ) € TN . Rrgxrnasm, = Rrjxr, v -m,))

N = {(Rryxranm,) €TV Rigkrana, = Rijkr, M)}
Then TRYN = @1/120 M and TR = [I37—0 ™. Note that in the presence
of the condition Ryjrr a...m, = Rijkr, (..M, condition (6) of Defini-
tion 8.8 becomes

Rijkp 0= —(r+2)Rrisxr M, (8.4)
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and is a consequence of (2 (2) and (5). Note also that if (RUKL Myr,) €N,

then hEMs Ry jpcr.. MM, =0 and PM- M*RIJKL My--M, = 0.

For w € C, let o, : P — C denote the character o, (p) = a~™. Since
P C O(h) and P preserves e up to scale, it is easily seen that 7, R and TR
are invariant subsets of the P-space [].2, (®4+T R"2* @ J,Q,r), where

R"*2 denotes the standard representation of P C GL(n + 2,R). These in-
clusions therefore define actions of P on these spaces. These actions of P do
not preserve strength, but because P consists of block upper-triangular ma-
trices, a component of p.(R) depends only on components of R of no greater
strength. So for N > 0 there are also actions of P on TV, RN and TRY.
An easy computation shows that the element p, € P acts by multiplying a
component of strength S by a°~2.

We next define our main object of interest. If g is a metric defined in a
neighborhood of 0 € R™, we construct a straight ambient metric in normal
form for ¢g as in Chapter 3. We then evaluate the covariant derivatives of
curvature of the ambient metric at p = 0, ¢t = 1 as described in Chapter 6. If n
is odd, the values of all components of these covariant derivatives at the origin
depend only on the derivatives of g at the origin, while if n is even, this is true
for components of strength at most n+ 1 by Proposition 6.2. If g;;(0) = h;j,
then gry = EU at p = 0,t = 1, x = 0. In this case, Propositions 6.1
and 6.4 show that the resulting lists of components satisfy the relations of
Definition 8.8. This procedure therefore defines a map ¢ : N, — R for n odd,
and ¢ : N, — R" 3 for n even. Since the conformal curvature tensors are
natural polynomial invariants of the metric g, ¢ is a polynomial map.

Proposition 8.9. The map ¢ : N, — R (or R=3 if n is even) is equivariant
with respect to the P-actions.

Proof. Recall that the action of P on N, is given by p.g = (¢71)*(22g),
where ¢ and ) are determined to map g back to conformal normal form
given the initial normalizations defined by p; see the discussion preceding
Proposition 8.7 above. By naturality of the conformal curvature tensors,
(™) (2%9)) = (¢"(0)71)"(c(2g)), where (¢'(0)™")* on the right-hand
side is interpreted as the pullback in the indices between 1 and n of each
of the tensors in the list, leaving the 0 and oo indices alone. And c¢(Q2g) is
given by Proposition 6.5. We use these observations to check for each of the
generating subgroups O(h), Ry and R™ of P that ¢(p.g) = p.(c(g)), where

the P-action on the right-hand side is that on [ 7, <®4+T R"T2* @ o_g_r) .
For p = py, we have Q = 1 and p(x) = mx, so c(pm.g) = (m~1H)*e(g)

is obtained from c¢(g) by transforming covariantly under O(h) the indices

between 1 and n. But this is precisely how p,, acts on [] 2, QT RnH2x,
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For p = p,, we have p(x) = a~ 'z and Q = a~2. By Proposition 6.5, the
component EUKL’Ml‘“Mr for a=2g is that for g multiplied by a?*>~~2. Since
(¢'(0)~1)* acts by multiplying this component by a*M, it follows that the
components of ¢(p,.g) are those of ¢(g) multiplied by a*™25==2 = ¢9-2,
where S = |[[JKLM; --- M,||. But we noted above that this is precisely how

Pa acts on []77 (®4+r R7+2* @ a,g,,«).

Finally, for p = py, we have ¢/(0) = [ and Q = 1 — bz* + O(|z|?), so
that the components of ¢((¢~1)*(Q2g)) are given by Proposition 6.5 with
T; = —b;. But this is precisely how pj, acts on ]2, QT RnH2x, O

Let us examine more carefully the equivariance of ¢ with respect to the
subgroup Ry C P. The component Rrjxr ay..m, of ¢(g) is a polynomial
in the components of the ¢(*), and this equivariance says that when the
g(s) are replaced by asg(s), then Rrjxr,m,...m, is multiplied by a2 with
S = |IJKLM---M,.|. In particular, EUKL,MIU.MT can only involve ¢(*)
for s < §—2. This implies that for each N > 0 (satisying also N < n—3 for n
even), c induces a P-equivariant polynomial map ¢V : NN+2 — RN, Clearly
these induced maps satisfy the compatibility conditions ¢V 1wy 0 = Tnc,
where my : NV — NN"Land 7y : RY — RN~ are the natural projections.

The main result of this chapter is the following jet isomorphism theorem.

Theorem 8.10. Let N > 0 and_assume that N <n — 3 if n is even. Then
RN is a smooth submanifold of TN whose tangent space at 0 is TRY, and
the map N : NN+2 — RN is a P-equivariant polynomial equivalence.

For n odd, it follows that ¢ : N, — R is a P-equivariant bijection since c is
the projective limit of the c¥.

It will be convenient in the proof of Theorem 8.10 to use Theorem 8.3 to
realize NV, in terms of curvature tensors on R™ rather than Taylor coefficients
of metrics. So we make the following definition. Recall the space R introduced
in Definition 8.2.

Definition 8.11. Define the space R. C R to be the subset consisting
of lists of tensors (R(®), R .. .) satisfying in addition to the conditions in
Definition 8.2 the following: for each r» > 0,

Sym(n’*R\")

ijkl,my--m.,

) =0. (8.5)

Here Sym refers to the symmetrization over the free indices jlmg ---m,.
For N > 0, by RY we will denote the corresponding set of truncated lists
(RO, RV . . RW),

For r, N > 0, we define also the following finite-dimensional vector spaces:
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7= {R(r) c /\QRn* ® /\2 R"* ® ®7Rn* .
(8.5) and (1), (2) of Definition 8.2 hold}
o" = {R(T) et Rijkl,ml-wmr = Rijkl,(mlmmr)}
T = @ivzo "
TRY = @7{\;0 o CTN.

The bijection N' — R asserted by Theorem 8.3 clearly restricts to a bijec-
tion NV, — R, whose truncated maps NV+t2 — RY are polynomial equiv-
alences. By composition, we can regard c¢ and the ¢V as defined on the
corresponding R. and RY. In the following, we will not have occasion to re-
fer to NV, and N¥*2, 50 no confusion should arise from henceforth using the
same symbols ¢ and ¢ for the maps defined on R, and RY. We can transfer
the action of P on NV, to R.. The element p, acts on R. by multiplying R™
by a"*?; this same prescription gives an R, action on 7% for N > 0. The
R, -equivariance of ¢ implies that a component EUKL,MI...MT of CN(R)
with [IJKLMy ---M,| = N 4 4 can be written as a linear combination of
components of R™Y) plus quadratic and higher terms in the components of
the R with r < N — 2.

Our starting point for the proof of Theorem 8.10 is the following lemma.

Lemma 8.12. For each N > 0, the subset Rév c TN is a smooth subman-
ifold whose tangent space at 0 is TRY .

Proof. We will show that for each N > 1, there is a polynomial equivalence
ON . TN — TN satisfying d®(0) = I and @V (RY~! x oV) = RY. Upon
iterating this statement and using ¢° = RY = TRY, we conclude the ex-
istence of a polynomial equivalence : TV — T whose differential at 0 is
the identity, and which maps TRY — RY. The desired conclusion follows
immediately.

When reformulated in terms of the spaces RY, Lemma 8.6 asserts the
existence for each N > 1 of a polynomial map oV : 7TVN-1 — ®N+4 R™*
with zero constant and linear term, such that the map AN : R — (R, n"(R))
sends RY~! — RY. Here R denotes the list constituting an element of 7V ~1,
There is no loss of generality in assuming that n™¥ (7™ ~1) ¢ 7V so that AV :
TN=1 5 TN, Define &V : TV — TN by @V (R, RN)) = (R, R™) + 7N (R)).
It is evident from the form of the relations defining RY that ®~(RYN-1 x
o¥) =RY, and clearly (®N)"Y(R, R™)) = (R, RN) — N (R)). O

We remark that the same proof could have been carried out in terms of the
spaces of normal form coefficients, and shows that the subset NN C AN is a
smooth submanifold whose tangent space at 0 is obtained by linearizing the
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equation obtained by writing (8.5) in terms of the normal form coefficients
Gij 1k, - _ _

At this point we do not know that RY is a submanifold of 7 with tangent
space TRYN, but it is clear that the tangent vector at 0 to a smooth curve in
RN must lie in TRY . So we conclude for the differential of ¢V at the origin
that de¥ : TRY — TRY. The differentiation of the action of P on RY gives
a linear action of P on TRY, and dcV : TRY — TRY is P-equivariant. By
R -equivariance and linearity of dc”, it follows that dc’¥ decomposes as a
direct sum of maps o™ — &M for 0 < M < N. By the compatibility of the
¢V as N varies, the map o™ — &M is independent of the choice of N > M,
so we may as well denote it as d¢V : 0¥ — V. The main algebraic fact on
which rests the proof of Theorem 8.10 is the following.

Proposition 8.13. For N >0 (and N < n—3ifn is even), dc™ : oV — GV
s an isomorphism.

Proof of Theorem 8.10 using Proposition 8.13. We prove by induction on N
that there is a polynomial equivalence ®V : TV — TV satisfying d®V (0) =
I and 5N(7€N_1 x olV) = RN, and that ¢V : RY — RN is a polynomial
equivalence. Just as in the proof of Lemma 8.12, iterating the first statement
provides a polynomial equivalence : TN — TN whose differential at 0 is the
identity and which maps TR — RY, from which follows the first statement
of Theorem 8.10. _

For N = 0, we can take ®V to be the identity. Since R? = TR = oY,
RO =TRO = 59, and ¢° is linear and can be identified with dc?, the second
statement is immediate from Proposition 8.13. _

Suppose for some N > 1 that we have the polynomial equivalence ®¥—1
and we know that ¢V~ is a polynomial equivalence. Recall the polynomial
maps n¥ : TN 5 7N AN . TN=1 o TN and @V : TV — TN constructed
in Lemma 8.6 and Lemma 8.12. By the induction hypothesis that ¢V—!
is a polynomial equivalence, we conclude that there is a polynomial map
AN TN=1 5 TN such that AN(RN~!) ¢ RY and such that the diagram

N—1 _AY N
R — R,

lcN—l lcN
~ KN ~
RN_l RN
commutes. Using the compatibility of ¢V~ and ¢V and the form of the map

AN, one sees that AN can be taken to have the form AN (R) = (R, 7V (R))

yvvhereNﬁN : ’7~'iv -1 —>~?N has no constant or linear terms. Now define the map
N TN - TN by @V (R, RM)) = (R, RN) 457N (R)). Clearly d®N (0) = I,
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and @Y (RN x 5V) = RY by the form of the relations defining RY. It is
a straightforward matter to check that the diagram

_ N
Rﬁv LxoghN —>R£V

lcNflxch lcN

~ - ('I;N ~
RN-LxgVN —— RN

commutes. By the induction hypothesis and Proposition 8.13, the vertical
map on the left is a polynomial equivalence. We conclude that ¢ is also a
polynomial equivalence, completing the induction step. ([l

Proof of Proposition 8.13. The proof has two parts. We will first construct
an injective map L : 7V — o. We will then show that dc"v : o — &V is
injective. These statements together imply that dim(o?") = dim(g?), from
which it then follows that dc is an isomorphsim. _

Let (Rryxrn.m,--um,) € 0. We can consider the components Rijkimy-muy
in which all the indices lie between 1 and n. This defines a map L : V¥ —
/\2 R™® /\2 R™* ®@N R™*  and clearly everything in the range of L satisfies
conditions (1) and (2) of Definition 8.2. We claim that everything in the range
of L also satisfies (8.5), so that L : ¥ — oV. Condition (3) of Definition 8.8
implies TLIKE]]-KLml‘..mN = 0. This can be written as

~ kS
RjoolO,ml--AmN + RloojO,ml---mN +h Rijkl,mlmmN =0.

If we apply condition (5) of Definition 8.8 to Ejooloﬂnl...mj\, and then sym-
metrize over jlmy ---my, the result is 0 by the skew symmetry of RW™) in
the second pair of indices. Similarly for Riscjo,m,...my- It follows that the
symmetrization of hikéi‘jkhml‘..mN vanishes. This proves that (8.5) holds.
Next we show that L is injective. We claim that for (E[JKLJ\/[I...MT) eV,
any component El JKL,M; .M, can be written as a linear combination of
components in which none of the indices IJKLM; --- M, is co. We first
show that any component can be written as a linear combination of com-
ponents in which none of IJKL is co. To see this, note that (8.4) and

TABD :
h*®Rryia,By, .- v, = 0 imply
—(r+2)RriKoo, My M, =RIJKo0,0M,-M,
_ b
=— Riiko0,00M; M, — W RrjKa,bM; M,

Thus a component Ry, a,...m, in which L = oo can be rewritten as a

linear combination of components in which L # oo and IJK remain un-
changed. Repeating this procedure allows the removal of any co’s in IJK L.
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The same method allows the removal of co’s in M --- M,: from (8.4) and
hAPR1 kL, ABM,.-M, = 0, one has

- - g
—2(r + 2)RrsKL,0oMs--M, = 2R1JKL,000Ms---M, = —h* RIJKL,abMy---M, .-

Thus all co’s can be removed as indices. Now (8.4) and (5) of Definition 8.8
can be used to remove any 0’s as indices at the expense of permuting
the remaining indices between 1 and n. It follows that any component
Rijkr,m, - m, can be written as a linear combination of components in which
all indices are between 1 and n. Thus L is injective.

It remains to prove that dc” is injective. If Rijkimi.-mn € o, we set
le,mr“mN = hikRijkl’ml...mN, le...mN = hlejl,ml--AmN and

(TL - 2)ij7m1“'mN = Rjk7m1-~'mN - le"'mNhjk/2(n - 1)

We also denote by Wijkimy..my € /\2 R ® /\2 R™ ® @N R™* the tensor
obtained by taking the trace-free part in ¢jkl while ignoring my - - - muy:

Wijkl,mlv--mN = Rijkl,m1-~~mN_th[jpi]k,ml-umNhjl+2hk[jpi]l,m1---m1\7' (86)

Then Wijkim,...my satisfies (1) of Definition 8.2 but not necessarily (2). We
also define

Ojkl»ml“'mN—l = 2Pj[k,l]m1-~~mN,1-

Contracting the second Bianchi identity (2) of Definition 8.2 in the usual way
ShQWS that lekl,im1~~mN71 = (3 — TL)Cjkl’ml.umel and Pljﬂ'ml...mel =

3
P )My MN—1°

Lemma 8.14. Let Rijkim,.-.my € oN. Ifn >4 and Wiikt,my--my = 0, then
Rijkl,ml-umN =0. Ifn=3 and Cjkl,ml---mN,l =0, then Rijkl,mlmmN =0.

Proof. If N = 0, this follows from the decomposition of the curvature tensor
into its Weyl piece and its Ricci piece. Suppose N > 1. If n > 4, the con-
tracted Bianchi identity above shows that Cjkim,...mn_, = 0, which is our
hypothesis if n = 3. (The hypothesis Wijxi,m,...my = 0 for n > 4 is of course
automatic for n = 3.) Thus we conclude for any n that Pjj jjm,..my_, =
0, 80 Pijmymy = Plijmi.my)- SiNC€ Rijkim,..my € o, we also have

R(ijm,..my) = 0. Therefore
(n — Q)Pij,mlmmN = (n — 2)P(ij,m1~~mN) = —R(mlmth/Q(n - 1)

Now 2 Pjjmymy) = W Pij oy cmy = Rmyooomy /2(n — 1). Hence the sym-
metric tensor P = P(jj m,...my) is in the kernel of the operator P — (n —
2)P + Sym(tr(P)h). This operator is injective on symmetric tensors, so we
conclude that Pjj m,...my = 0. The conclusion now follows from (8.6). O
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We will prove that dc¢V is injective by showing that if Rijkimy-mn €
ker(dc), then the hypotheses of Lemma 8.14 hold. To get the flavor of the
argument, consider first the cases N = 0, 1. Now 03 is the space of trace-free
curvature tensors. In Chapter 6, we found that R;jp = Wik is the Weyl
piece of such a curvature tensor. So c? is linear and is obviously injective. In
Chapter 6, we also calculated the curvature components Roojr = Cjr; and

Rijki,m (see (6.3)). We see that ¢! is also linear, so can be identified with dc!.
If Rijki.m € ker(dc'), we first conclude by considering ]:Eooj;gl that Cji; = 0,
and then by considering ﬁijkl,m that Wijkim = 0 (for n > 4), as desired.
For the general case we need to understand the relation between covari-
ant derivatives with respect to the ambient metric and covariant deriva-
tives with respect to a representative g on M. Recall that the conformal
curvature tensors are tensors on M defined by evaluating components of
Rrjrxr,m,-.m, at p=0and t = 1. We can take further covariant derivatives
of such a tensor with respect to g. We will denote by EIJKL,MlmMrlpl--ps
the tensor on M obtained by such further covariant differentiations. For ex-
ample, Rijri (m = Wijki,m, whereas Rjjr m is the tensor Vijr, given by
(6.3). An inspection of (3.16) shows the relation between EUKL)MI...M,FP
and EIJKLMTHMT‘I,. Recalling that ggj = 2F;; at p = 0, one sees that
RJUKL,MI...MTP — EIJKLMMI'“MTIP is a linear combination of components of

%’“é, possibly multiplied by components of g, plus quadratic terms in cur-
vature. Iterating, it follows that Ryjrr . Mpy-p, — BRroxrn,my - My jpr--p.

is a linear combination of terms of the form EABCD7F1...F1L|q1...qt with t < s,
possibly multiplied by components of g, plus nonlinear terms in curvature.

Consider now the map dcV : ¢¥ — V. The symbol Rrjkr,m,...m, with
I HJKLM---M,|| = N +4 is now to be interpreted as the linear function
of the Rijkim,...my Obtained by applying dcV. Similarly, we now interpret
the symbol EUKL,MI_..MAPI_.IJS for |[IJKLM;---M,||+s = N+4 as a
linear function of the Rjjkim,...my- SUppose that Rjikim,..my € ker(deN).
We claim that Ryjxr s, |prp, =0 for [IJKLM; - M| +s= N +4.
The proof is by induction on s. For s = 0, this is just the hypothesis that
Rijkimy-my € ker(dc). Since we are considering the linearization dc”,
the quadratic terms may be ignored in the relation derived in the previous
paragraph between ambient covariant derivatives and covariant derivatives
on M. A moment’s thought shows that this relation provides the induction
step to increase s by 1. B

Taking r = 0, we conclude that Rrjxr jmy..m, = 0 for |[[JKL| + s =
N +4. For IJKL = ijkl we obtain Wi;ii m,...my = 0 and for IJKL = oojkl
we obtain Cjrim,...my_, = 0. Lemma 8.14 then shows that Rijxim,...my =0
as desired. ]



Chapter Nine

Scalar Invariants

The jet isomorphism theorem 8.10 reduces the study of local invariants of
conformal structures to the study of P-invariants of R (we must of course
impose the usual finite-order truncation for n even). An invariant theory for
scalar P-invariants of TR was developed in [BEGr]. In this chapter we show
how to derive a characterization of scalar invariants of conformal structures
by reduction to the relevant results of [BEGr].

Recall that a scalar invariant I(g) of metrics of signature (p, ¢) is a polyno-
mial in the variables (9%g;;)a|>0 and |det g;;| /2, which is coordinate-free
in the sense that its value is independent of orientation-preserving changes of
the coordinates used to express and differentiate g. Such a scalar invariant of
metrics is said to be even if it is also unchanged under orientation-reversing
changes of coordinates, and odd if it changes sign under orientation-reversing
coordinate changes.

It follows from the jet isomorphism theorem for pseudo-Riemannian ge-
ometry and Weyl’s classical invariant theory that every scalar invariant of
metrics is a linear combination of complete contractions

contr(V'R®---® V't R)

9.1

contr(p @ V'R®---®@ V'FR), (©.1)

where f1;,...;, = |det g|'/2¢;,...;, is the volume form with respect to a chosen
orientation and the contractions are with respect to g. Here ¢;,...;, denotes

the sign of the permutation. Complete contractions of the first type are even
and the second type are odd. Such an invariant of metrics is said to be
conformally invariant of weight w if I(Q2%g) = Q¥I(g) for smooth positive
functions . Under a constant rescaling ¢ — a2g, the complete contractions
above are multiplied by a=2£~27¢ Since the total number of contracted
indices must be even, it follows that the weight of a nonzero even scalar
conformal invariant must be a negative even integer, and that of a nonzero
odd scalar conformal invariant must be a negative integer which agrees with
n mod 2.

Scalar conformal invariants can be constructed quite simply via the am-
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bient metric. Consider complete contractions
contr(V'R® - - ® V'* R)
contr(f@V'R® - @ V' R) (9.2)
contr(fip @ V'R ® - -- @ V' R),

where now R is the curvature tensor of a straight ambient metric g for [g],
1t denotes the volume form of g with respect to an orientation on G induced
from a choice of orientation on M, g = T 1p, and the contractions are
taken with respect to g. When evaluated for a specific ambient metric, these
contractions define functions on G. The homogeneity of g and T' imply that
the functions defined by contractions of the first two types are homogeneous
of degree —2L — > r; with respect to the dilations d,, while those of the
third type are homogeneous of degree 1 — 2L — > r;. Their restrictions to
G C G are independent of the diffeomorphism ambiguity of § (we restrict
to orientation-preserving diffeomorphisms for the second and third types)
since the diffeomorphism restricts to the identity on G. If n is odd, then
the restriction of any such contraction to G is also clearly independent of
the infinite-order ambiguity in the ambient metric, so depends only on [g].
A representative metric g defines a section of G, so composing with this
section gives a function I(g) on M. The homogeneity of the contraction as a
function on G implies that I(Q2g) = Q¥ I(g), where —w = 2L+ >_ r; for the
first two and —w = 2L+ > r; — 1 for the third. If we take g to be in normal
form relative to g and recall the discussion of conformal curvature tensors
in Chapter 6, it follows that in local coordinates I(g) does indeed have the
required polynomial dependence on the Taylor coefficients of g. Thus I(g) is a
scalar conformal invariant of weight w. This proves the following proposition
in case n is odd.

Proposition 9.1. If n is odd, the complete contractions (9.2) define scalar
conformal invariants. The first is even and has —w = 2L+ r;; the second
and third are odd and have —w = 2L + Y r; and —w = 2L + > r; — 1.
If n is even, the same statements are true with the restrictions L > 2 and
—w < n+ 2 for the first contraction, and —w < 2n — 2 for the last two.

By a Weyl conformal invariant of metrics, we will mean a linear combi-
nation of complete contractions (9.2), all of which have the same weight,
and which satisfy the restrictions of Proposition 9.1 if n is even. Every Weyl
invariant can be written as a sum of an even Weyl invariant and an odd
Weyl invariant.

Before giving the proof of Proposition 9.1 for n even, we make some ob-
servations concerning odd invariants. The Bianchi and Ricci identities imply
that the skew-symmetrization over any three indices of V"R can be written
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as a quadratic expression in the V" R with 7 < r — 2. An odd contraction
in (9.1) with L < n/2 necessarily has at least three of the indices of at least
one of the V™ R contracted against indices in u. So by induction, it follows
that an odd contraction in (9.1) can be written as a linear combination of
contractions of the same form but with L > n/2. Similarly, contractions of
the second and third types in (9.2) can be written as linear combinations of
contractions of the same type and the same weight, but with L > (n + 2)/2
for the second type and L > (n + 1)/2 for the third type. This leads to the
following theorem.

Theorem 9.2. There are no nonzero odd scalar conformal invariants with
—w < n. There are no nonzero odd Weyl invariants with —w < n + 1.

Proof. The first statement is clear from the above observations since —w =
2L+ r;. The same reasoning shows that there are no nonzero contractions
of the second type in (9.2) with —w < n + 2. For contractions of the third
type, one has —w = 2L+ Y r; — 1, whichis <n+ 1 only if L = (n +1)/2
(so n must be odd) and each r; = 0. However, any such contraction must
vanish. To see this, it suffices to take g to be in normal form. Since one of
the indices of iy is ‘00’ and is contracted against one of the R factors, the
result follows from the facts that Ry = 0 and g’ = 0 at p = 0 unless
I=0. O

Proof of Proposition 9.1 for n even. The discussion in the n odd case is valid
also for n even so long as we show that the hypotheses guarantee that the
restriction of (9.2) to G is independent of the O};(p™/2) ambiguity in §. In
showing this, we may assume by Proposition 2.8 that g is in normal form
relative to a representative metric g.

Consider the expansion of the first contraction of (9.2) into components at
p = 0. By the normal form assumption, we have that g/ = 0 at p = 0 unless
|IIJ|| = 2. Therefore each pair of contracted indices must have strength 2
to contribute. The total number of indices being contracted is 4L + > ;.
It follows that if Sp,...,Sp are the strengths of the factors occurring in a
contributing monomial, then > S; = 4L+ > r; = 2L —w < 2L +n + 2.
As we have observed previously, Proposition 6.1 implies that for any 7, a
component of V"R vanishes unless its strength is at least 4. So we may
assume that S; > 4 for each 7. Thus for any ig we have

Sip 4L —-1)< S+ 8i=> S <2L+n+2.
i#io
Therefore S;, < n+ 6 — 2L with strict inequality if S; > 4 for some ¢ # 4.
This implies that S;, < n if L > 3, and that S;, < n+1if L = 2 and
S; > 4 for some i # ip. Proposition 6.2 guarantees in these cases that the
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first contraction of (9.2) is independent of the ambiguity in ¢ and defines a
scalar conformal invariant.

It remains to consider the case where L = 2 and S; = 4 for some i.
We may relabel the factors in (9.2) if necessary so that S; = 4. As noted
above, Proposition 6.2 implies the result if So < n + 1, so we are reduced
to consideration of the case S; = 4, S = n + 2. The only nonvanishing
component with S; = 4 is R;ji, which equals W, when evaluated at
p = 0, t = 1. This must be contracted with respect to g with a component
of strength n + 2. This component of strength n + 2 must therefore have
exactly four indices between 1 and n; all other indices must be 0 or co. Using
Proposition 6.1, we may rewrite such a component as a linear combination
of components in which 0 does not occur as an index. Such a component
has exactly 4 indices between 1 and n and exactly (n — 2)/2 indices which
are co. We investigate the dependence of such components on the O(p"/?)
ambiguity in the expansion of the g;;(x, p) coefficient in the ambient metric
(3.14).

Consider the formula for a covariant derivative of curvature R TJKL MM,
of a general pseudo-Riemannian metric g7 in terms of coordinate derivatives
of gr;. Beginning with
Riykr = %(fﬁﬁm +05 k0L =059k — 0tk Gsn) + (CF Tk =T FkT o)
and successively covariantly differentiating, one sees that EI JKL,M; M, =
I+II+1III, where I is a linear combination of terms of the form 8};?2 PT+2§A B
in which ABP; --- P49 is a permutation of IJKLM;---M,, Il is a linear
combination of terms of the form ngag;,”PrgAB and ngag;ll,,,PrgAQ in
which ABCDP; --- P, is a permutation of IJK LM, --- M,, and III involves
only 0%g with s <. B

Apply this observation to a curvature component Ry, - Mn_2y2 of
the ambient metric, where the list of indices IJKLM; - - - M, _2)/2 is a per-
mutation of 75kl 0o ---00. When restricted to p = 0, the terms in I and III

N——

(n—2)/2
involve only 97 g(z,0) for r < n/2 — 1. The terms in II may have a factor
of 5‘2/ 2g(aﬂ, 0), but any such factor is multiplied by Ng?), where ab are two
of ijkl. By (3.16), we have fgﬂpzo = —ga. Consequently, such terms in II
drop out when contracted against W;;x;. It follows that the contraction (9.2)
is independent of the O(p™/?) ambiguity as desired.

The argument for the odd contractions is similar to that of the second
paragraph of this proof above. We give the details for contractions of the
second type. As noted previously, we may assume that L > (n + 2)/2. The
total number of indices being contracted is now 4L + > r; +n+ 2. If S; are
the strengths of the factors in a contributing monomial in the components of
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the %T}?, then since the strengths of the indices of g sum to n + 2, we again
have Y S; =4L+ > r; = 2L — w, and now this is < 2L 4+ 2n — 2. As in the
argument above, this implies that S;, < 2n+2—2L < n, so Proposition 6.2
implies that the contraction is independent of the ambiguity in g. (|

We remark that one can also consider the dependence on the ambiguity
in g of the first contraction in (9.2) in case L = 1. Modulo contractions with
L > 2, the only possibilities are AT/25 , where S denotes the scalar curvature
and A the g-Laplacian. It is not hard to see that these are independent of
the O;FJ(,O”/Q) ambiguity in g7; as long as r < n — 2, which corresponds
to —w < n. However, the resulting conformal invariants all vanish since
Rry = Of,(p"*71).

For an example, consider an even complete contraction (9.2) in which
r; = 0 for all 7. Since EI Jk0 = 0, it follows that the resulting conformal
invariant is contr(W @ - - - ® W) with the same pairing of the indices, where
W denotes the Weyl tensor and the contractions are now with respect to g.
Of course, this is invariant with no restrictions on L when n is even.

A more interesting example is ||[VR||?. Proposition 9.1 implies that this
defines a conformal invariant with —w = 6 in all dimensions n > 3. Expand-
ing the contraction and evaluating the components shows that the conformal
invariant is

VI + 16(7,0) + 16]C, (93)
where Vjjxim is given by (6.3) and

Umjkt = Cikt,m — P Wikt
When n = 3 this reduces to a nonzero multiple of ||C||?. (For n = 4, the
expression involving B;;/(n —4) in the formula for Eoojkl,m|p=0,t=1 = Yikim
is replaced by an expression involving g;, but this drops out as guaranteed
by Proposition 9.1.)

We are interested in the question of the extent to which all scalar confor-
mal invariants are Weyl invariants. The results presented here resolve this
question for all invariants when n is odd and for invariants with —w < n
when n is even. A scalar conformal invariant is said to be exceptional if it is
not a Weyl invariant. Theorem 9.2 shows that any nonzero odd scalar con-
formal invariant with —w = n is exceptional. These are classified as follows.

Theorem 9.3. Ifn Z0 mod 4, there are no nonzero odd scalar conformal
mvariants with —w = n.

Ifn =0 mod 4, the space of odd scalar conformal invariants with —w = n
has dimension p(n/4), the number of partitions of n/4. Every nonzero such
invariant is exceptional. A basis for this space may be taken to be the Pon-
triagin tnvariants whose integrals give the Pontrjagin numbers of a compact
oriented n-dimensional manifold.
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Proof. The proof does not use conformal invariance; these are facts about
the space spanned by odd contractions (9.1) with 2L + > r; = n. As noted
above, we may restrict consideration to contractions with L > n/2. We must
therefore have L = n/2 and r; = 0 for each . In particular, n must be even
for such a contraction to be nonzero. Upon decomposing R into its Weyl
and Ricci pieces, the fact that at most two indices of  can be contracted
against any Weyl factor implies that the Ricci curvature cannot appear in
any nonzero contraction. Therefore, an odd invariant with —w = n must be a
linear combination of contractions of the form contr(u@W ® - - - @ W), where
n/2
W is the Weyl tensor. Any such contraction is clearly conformally invariant.
It is easily seen using the symmetries of W that all such contractions vanish
if n =2 mod 4 and that there are at most p(n/4) linearly independent such
contractions if n =0 mod 4. The Pontrjagin invariants are p(n/4) linearly
independent invariants which are linear combinations of contractions of this
type. It follows that the dimension of the space of such invariants is p(n/4)
and that the Pontrjagin invariants form a basis. O

The main result of this chapter is the following.

Theorem 9.4. If n is odd, every scalar conformal invariant is a Weyl in-
variant. If n is even, every even scalar conformal invariant with —w < n is
a Weyl invariant.

For n even, an extension of Theorems 9.3 and 9.4 covering all invariants is
described in [GrH2]. A theory of even invariants of a conformal structure
coupled with a conformal density is given in [Al1], [Al2] which recovers The-
orem 9.4 when applied to even invariants depending only on the conformal
structure.

As an illustration of the use of Theorem 9.4, consider even invariants
with —w = 4 or 6. For —w = 4, the only possible even contraction (9.2)
is ||R||2, so all even scalar conformal invariants with —w = 4 are multiples
of |[W]|?. For even invariants with —w = 6, it is easily seen that modulo
contractions with L = 3, the only possibility with L = 2 is | VR||2. It follows
that all even scalar conformal invariants with —w = 6 (in dimension n # 4)
are linear combinations of (9.3) and cubic terms in the Weyl tensor. In
general, for a given weight, work is required to determine which contractions
are independent, but Theorem 9.4 gives a finite list of spanning conformal
invariants.

The first step in the proof of Theorem 9.4 is to reformulate scalar conformal
invariants in terms of invariants of the P-action on the space of conformal
normal forms. In general, by a scalar invariant of a group acting on a space
is meant a scalar function on the space transforming by a character of the
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group. Accordingly, if S is a P-space, a real valued function @ on § is said to
be an even (resp. odd) P-invariant of weight w if Q(p.s) = 0, (p)Q(s) (resp.
det(p)ow,(p)Q(s)) for s € S, p € P. Equivalently, @ defines a P-equivariant
map @ : § — oy, (resp. det ®o,,). A function is said to be a P-invariant
of § (or a P-invariant function on §) if it is a sum of an even and an odd
invariant of weight w for some w.

Proposition 9.5. There is a one-to-one correspondence between scalar con-
formal invariants of weight w and P-invariant polynomials Q on N, of weight
w.

Proof. A scalar conformal invariant I(g) of weight w defines a polynomial @
on N by evaluation at 0 € R™. We can write [ = I, + I_, where I, (resp.
I_) are even (resp. odd) scalar conformal invariants of weight w. This gives
Q = Q4 + Q_ for the polynomials on N,. The definition of the action of P
on N, and the invariance of I, I_ show immediately that Q (resp. Q_) is
an even (resp. odd) invariant of NV, of weight w.

For the other direction, let @ be a polynomial invariant of N, of weight
w. If g is any metric defined near the origin in R"™, by Proposition 8.4 and
the existence of geodesic normal coordinates, we can find  with ©(0) =
1 and ¢ with det¢’(0) > 0 such that (p~1)*(Q%g) € N.. Define I(g) =
Q(¢~H*(9229)). The element (¢ ~1)*(Q2g) of N is not uniquely determined,
but Proposition 8.7 and the normalizations ©(0) = 1, det ¢'(0) > 0 imply
that it is determined up to the action of an element p € P such that a =1
and det(p) = 1. The assumed invariance of @ therefore shows that I(g) is
well-defined. This well-definedness makes it clear that I((¢~)*(Q%g)) = I(g)
for general ¢, © such that det ¢’(0) > 0, 2(0) = 1. The transformation law
Q(pa-1.9) = a¥Q(g) for a > 0 and g € N, implies that I(ag) = a¥I(g) for
a > 0 and general g. Therefore I satisfies the conformal transformation law
1(©2g) = Q(0)"I(g).

For g € N, the Q and ¢ are uniquely determined to infinite order if we
require also that dQ2(0) = 0 and ¢'(0) = Id, and the construction of the
conformal normal form shows that the Taylor coefficients of such © and ¢
depend polynomially on g € . Therefore I(g) defines an SO(h)-invariant
polynomial on /. By the pseudo-Riemannian jet isomorphism theorem and
Weyl’s invariant theory, an SO(h)-invariant polynomial on N is a linear com-
bination of complete contractions (9.1), so that I(g) is a scalar invariant of
metrics. Combining this with the conformal transformation law established
above, we deduce that I is a scalar conformal invariant as desired.

The maps I — @Q and @Q — I are easily seen to be inverses of one another.

O

We will use Theorem 8.10 to transfer P-invariant polynomials from N, to
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R. The next lemma will assure when n is even that we are in the range in
which Theorem 8.10 applies.

Lemma 9.6. Let I(g) be an even scalar conformal invariant of weight w.
The associated polynomial Q(g) on N, determined by Proposition 9.5 can be
written as the restriction to N of a polynomial in derivatives of g of order
< —w — 2.

Proof. The polynomial Q(g) determined by Proposition 9.5 agrees with the
restriction to NV, of a linear combination of even complete contractions (9.1)
with 2L 4+ > r; = —w. Thus for each ig we have r;, < > r; = —w — 2L.
If L > 2, we obtain r;, < —w — 4, so the contraction involves at most
—w —2 derivatives of g as claimed. Modulo contractions with L > 2, the only
possibility with L = 1 is ACC%=2)/28 where S denotes the scalar curvature.
But contracting Sym(V" Ric)(¢)(0) = 0 and using the Bianchi and Ricci
identities shows that A(==2)/25 agrees on N, with a linear combination of
complete contractions with L > 2. O

Let & denote the usual volume form on R"*2 and &y = ey J&. Complete
contractions with respect to h of the form

contr(R'™ @ - - @ R())
contr(F® R @ - @ R()) (9.4)
contr(o ® R @ - @ R("))

define P-invariant polynomials on 7 with —w = 2L + > r; for the first two
and —w = 2L + Y r; — 1 for the third. By a Weyl invariant of weight w
of R (resp. TR), we shall mean the restriction to R (resp. TR) of a linear
combination of contractions (9.4) of weight w.

Lemma 9.7. When restricted to R, the first contraction in (9.4) defines
a_P-invariant polynomial on 7:5_“’_4, i.e., it factors through the projection
R — R™"~4. The same statement also holds with R replaced everywhere by
TR.

Proof. The argument of the second paragraph of the proof of Proposition 9.1
shows that when expanded, the first contraction in (9.4) involves only com-
ponents RUKL m with ||[IJKLM]| <4 — 2L — w. The defining relations of
R and TR show that when restricted to either of these spaces, any such con-
traction with L = 1 can be rewritten as a linear combination of contractions

with L > 2. This gives the bound |[IJKLM| < —w, which is the desired
statement. O

The main result we will use characterizing invariants of R is the following.
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Theorem 9.8. If n is odd, every P-invariant polynomial on 7§ is a Weyl
invariant. If n is even, every even P-invariant polynomial on R is a Weyl
1mvariant.

Proof of Theorem 9.4 using Theorem 9.8. For n odd, Proposition 9.5 and
Theorem 8.10 immediately reduce Theorem 9.4 to Theorem 9.8. For n even,
an even scalar conformal invariant I(g) with —w < n determines by Propo-
sition 9.5 and Lemma 9.6 an even P-invariant polynomial of weight w on
N7"=2. Theorem 8.10 shows that this defines an even P-invariant polyno—
mial of weight w on R4 Theorem 9.8 asserts that as a function on R this

polynomial agrees with a linear combination of complete contractions (9.4)
of weight w, and Lemma 9.7 shows that each of these can be regarded as a
P-invariant of weight w of R"~*. Reversing the steps, it follows that I(g)
has the desired form. (]

Theorem 9.8 is proved by reduction to the following, which is one of the
main results of [BEGr].

Theorem 9.9. [BEGr] If n is odd, every P-invariant polynomial on TR is
a Weyl invariant. If n is even, every even P-invariant polynomial on TR is
a Weyl invariant.

Proof of Theorem 9.8 using Theorem 9.9. We first extend the notion of weight
to polynomials which are not P-invariant. A polynomial on Tisa polynomial
in the variables (R IJKL,M)|M|>0, Subject to the linear relations defining 7.
The degree of such a polynomial will refer to its degree in the variables
(R[.]KL7M) A polynomlal Q on T will be said to have weight w if it satisfies
Q(pa-(R)) = 0(pa)Q((R)) for a > 0. The linear polynomial R;jxr a has
—w = |IJKLM]| — 2. Since Ry am vanishes unless ||[IJKLM|| > 4, one
sees that a monomial in the variables (El JKL M) must vanish if its weight
w and degree d satisfy d > —w/2. Observe that each of the relations (1)—(6)
in Definition 8.8 defining R states the vanishing of a polynomial of a specific
weight, i.e., R is defined by polynomials homogeneous with respect to the
action of the p,. B

Let @ be a P-invariant polynomial of weight w on R, assumed to be even
if n is even. We will show by induction that for any d > 0, @ can be written
in the form Q = Qq+ E4 on R, where (4 is a linear combination of complete
contractions (9.4) of weight w and Ey is a polynomial on T of weight w which
is the sum of monomials of degree > d. The observation above implies that
E4 =0 for d > —w/2, which gives the desired conclusion.

The induction statement is clear for d = 0. Suppose it holds for d, so
that Q@ = Qq + Eq on R. Write Eq = E/, + E//, where E/ and E) are
polynomials on T of weight w, E is homogeneous of degree d, and E] is a
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linear combination of monomials of degree > d. Since Eg is P-invariant when
restricted to R, it follows easily using the first part of Theorem 8.10 that
E!, is P-invariant of weight w when restricted to TR. So by Theorem 9.9,
there is a linear combination of complete contractions @Q’; of weight w, which
we may take to be homogeneous of degree d as polynomials on 7~’, such that
E}, = Q) onTR.Let P;,i=1,2,... be an enumeration of the polynomials on
T ‘whose vanishing defines 7%, and let p; denote the linear part of P;, so that
TR is defined by the vanishing of the p;. We conclude that we can write
E, — Q! = > U;p; as polynomials on 7, where the U; are homogeneous
polynomials of degree d — 1 and the sum is finite. When restricted to R,
we have E) — Q) = > U;(p; — P;). So if we set Qqi1 = Qq + @ and
Eqi1 = EJ + 3 U;(p; — P;), then we have Q = Q441 + Eq41 on ﬁ, where
Q4+1 is a linear combination of complete contractions of weight w and Fg1
is a polynomial containing only monomials of degree at least d + 1. This
completes the induction step. ([

We remark that Theorem 9.9 also holds for odd invariants when n = 2
mod 4, by combining results in [BEGr| and [BaiG]. The argument given
above thus shows that Theorem 9.8 holds also for odd invariants when n = 2
mod 4. Of course, the jet isomorphism theorem of Chapter 8 does not apply
to higher order jets in even dimensions, and R is no longer the correct space
to study to understand conformal invariants.
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